Chapter 6 Applications of Derivatives

EXERCISE 6.1

Question 1:
Find the rate of change of the area of a circle with respect to its radius 7 when

(@) r=3cm
(b) r=4cm

We know that the area of a circle, 4 =rr’

Therefore, the rate of change of the area with respect to its radius is given by

dA _i 2
—=—(7)
=¥

(a) When r=3cm
Then,

Thus, the area is changing at the rate of 67 .

(b) When r =4cm

Then,
dA

= 27 (4)

=87

Thus, the area is changing at the rate of 87 .

Question 2:

The volume of a cube is increasing at the rate of 8cm’/s. How fast is the surface area
increasing when the length of its edge is 12cm ?

Let the side length, volume and surface area respectively be equal to x, ¥ and S .
Hence, ¥ =x" and S =6x’
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We have,

d_V :80 3 r'l v
dt
Therefore,
ar =i(x3)
didt
d ; 5y dx
8=—/|(x")—
dx( )dr
8 =3x2@
dt
dx 8
—= vl 1
dr 3x7 ( )
Now,
=)
dt dt
d \ dx
=—(6x")—
aix( )a’r
= 123:@
dt
= 12.{%} [ from (1) ]
_3
%
So, when x =12cm
Then,
§= %Cﬁiz /s
12
:gcmzfs
Question 3:

The radius of a circle is increasing uniformly at the rate of 3c¢m/s. Find the rate at which the
area of the circle is increasing when the radius is 10cm /s .

We know that 4 =nr*
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Now,

M _2 (1)
dt dr
:2:rr£
dt
We have,
ﬁz 3em /s
dt
Hence,
dA
—=2rr(3
—-=2nr(3)
=6ar

So, when » =10cm

Then,

dA
—=06x(10
- =67 (10)

=60mem? /s
Question 4:

An edge of a variable cube is increasing at the rate of 3cm /s . How fast is the volume of the
cube increasing when the edge is 10cm long?

Let the length and the volume of the cube respectively be x and V.
Hence, V =x’

Now,
dv d; ,
2=zl
_d g s\dx
_dx(x)dr
Iy
B dt
We have,
ix~=3i:.ulpm’s
dt
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Hence,
—=8x"(3
- =3 (3)

=9x’
So, when x =10cm

Then,

dV 2
—=9(10)
dt ( )

=900cm’ / s

Question 5:
A stone is dropped into a quiet lake and waves move in circles at the speed of S5cm/s. At the
instant when the radius of the circular wave is 8cm , how fast is the encoding area is increasing?

We know that 4 =7x#*

Now,
d4 d 4
di  dt )
=2nr @
dt
We have,
ﬁ =5em/s
dt
Hence,
d4
—=2ar(5
—=2nr(5)
=10xr
So, when » =8cm
Then,
dA
— =107 (8
= (8)
=80mem® / s
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Question 6:
The radius of a circle is increasing at the rate of 0.7cm/s. What is the rate of increase of its
circumference?

We know that C =2xr

Now,
4C_d ()
dt dt
= i(Zﬂ:ﬂf’)i
ey dt
=2 ﬁ
dt
We have,
ﬁ =0.7Tmrem/ s
dt
Hence,
dcC
—=2n(0.7
—-=2m(0.7)
=14dnem/ s
Question 7:

The length x of a rectangle is decreasing at the rate of Scm/minute and the width V is

increasing at the rate of 4cm/minute. When 8cm and ¥ =6cm | find the rate of change of (a)
the perimeter and (b) the area of the rectangle.

: dx .
— = =5cem/ minute — =4cm/ minute

It is given that d¢ , dt , x=8cm and ¥ =6cm
(a) The perimeter of a rectangle is given by £ = 2(x+y)
Therefore,
ar _ z[ﬁ " Q]
dt dt dt
=2(-5+4)

==2cm [ minute
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ﬁzg[ﬁJr@]
@\t

=2(-5+4)

=2cm [ minute

(b) The area of a rectangle is given by 4 =xy

Therefore,

dA  dx dy
dt dt dt

=—Sy+4x
dAd dx  dy
_=_y+x_
dt dt dt

=—5y+4x

When x =8cm and V =6cm
Then,

dA

=2em’ | minute

Question 8:

— =(-5x6+4x8)cm’ / minute
dt

A balloon, which always remains spherical on inflation, is being inflated by pumping in 900
cubic centimeters of gas per second. Find the rate at which the radius of the balloon increases

when the radius is 15¢cm.

V= i:ﬂ.nlr*?'
We know that 3
Hence,
dv dv ( 4 3J
—=—|=nr
a  dt\3
d (4 1]6«’?‘
= e— — ]’[‘ s
dr\ 3 dt
= 47’ ﬁ
dr
We have,
L =900cm’ / s
dt
Therefore,
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, dr

drr-—=900
dt
dr 900
dt 4nr’
25
B mr-
When radius, » =15¢m
Then,
dr _ 225
dt x(15)
=lcm /s
s
Question 9:

A balloon, which always remains spherical has a variable radius. Find the rate at which its
volume is increasing with the radius when the latter is 10cm.

4
V=—nx
We know that 3
Therefore,
av d (4 3]
—=—|=rr
dt dr\3

N
=§7f(3?’“]

=47y’
When radius, » =10cm

Then,
dv .
—=47(10)
—-=4n(10)

= 40071'

Thus, the volume of the balloon is increasing at the rate of 400rcm’ /s .
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Question 10:

A ladder is 5m long is leaning against the wall. The bottom of the ladder is pulled along the
ground, away from the wall, at the rate of 2c¢m /s . How fast is its height on the wall decreasing
when the foot of the ladder is 4m away from the wall?

Let the height of the wall at which the ladder is touching it be ¥™ and the distance of its foot

from the wall on the ground be xm .

Hence,

Therefore,

We have,

Thus,

When x =4em

Then,

Question 11:

x4 yt=5
=y =25-%*

= y=+/25-x"

@i:i( 25—x3)
it dr

=i(m)d_

dx dt
—X dx

(Vos—v)

dx=2cmfs
t

d_y_ -2x
dt  25-x2

dy  —2x4
dt  J25-16
=—§¢3me

3

A particle is moving along the curve 6y =x"+2_ Find the points on the curve at which the y-
coordinate is changing 8 times as fast as the x-coordinate.
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The equation of the curve is 6y = x’+2

Differentiating with respect to time, we have

s 5 Y g
dt dt
= 2@=xZﬁ
dt dt
55
According to the question, \ df  dt
Hence,
= 2(8§J=f-“5
dt dt
= 16@=x2£
dt dt
9 d.
= (x' —lﬁ)—x:{)
dt
=z =16
=x=14
When x=4
Then,
442
) 6
_66
6
=11
When x=—4
Then,
(—4°)+2
"7
.0
6
_.ol
B

=31
Thus, the points on the curve are (4.11) and [ "3 ]
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Question 12:

. . .. : —cm/ s . .
The radius of an air bubble is increasing at the rate of 2 . At which rate is the volume of

the bubble increasing when the radius is lcm ?

4
X V=—nr

Assuming that the air bubble is a sphere, 3
Therefore,

dv d (4 ;)\dr

—_— | —7F =

dt  dt\3 dt

=4xr’ i
dt

We have,

dr 1

—=—cm/s

dt
When » =1cm
Then,

dv 2f 1

£ —4n (1| =

= 0(3)

=27cem’ | s

Question 13:

A balloon, which always remains spherical, has a variable diameter 2

change of its volume with respect to x.

p 4
We know that 3

L , d=2(2x+1)
It is given that diameter, 2

r=(2x+1)
Hence, 4

Therefore,

+1)

. Find the rate of
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Thus,
dar 9 d

—=—1r—(2x+l)3
dx 16 dx

-_—%?7?1'(2)6—#1)}

Question 14:

Sand is pouring from a pipe at the rate of 12¢m’ / s. The falling sand forms a cone on the ground
in such a way that the height of the cone is always one-sixth of the radius of the base. How fast
is the height of the sand cone increasing when height is 4cm ?

V= ) wr*h
We know that 3

It is given that, 6

Hence, » =6h
Therefore,
V= %rr((ik)z h
=12nh’
Thus,
“;—_’: = 12n%(h-‘)%
o\ dh
= E2n(3k”)$
=367h’ &
dt
We have,
% =12cm’ /s
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When 4 =4em

Then,
2 dh
12=36r(4) —
(4) —
dh 12
dt 36z(16)

1
=——cm/ls
48T

Question 15:
The total cost € (*) in Rupees associated with the production of x units of an item is given by

C(x)=0.007x" -0.003x" +15x+4000 Find the marginal cost when 17 units are produced.

Marginal cost (MC) is the rate of change of the total cost with respect to the output.

Therefore,
dC 5
MC ===~ 0.007(3x%)~0.003(2x) +15
X
=0.021x* = 0.006x +15
When x =17
Then,

MC =0.021(17) ~0.006(17) +15
=0.021(289)-0.006(17) +15
=6.069-0.102+15
=20.967

So, when 17 units are produced, the marginal cost is X 20.967.

Question 16:
The total revenue in Rupees received from the sale of x units of a product given by

2
R(x)=13x"+26x+15 Find the marginal revenue when x=7.

Marginal revenue (MR) is the rate of change of the total revenue with respect to the number
of units sold.
Therefore,
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dR

MR =—=13(2x)+26
dx
=26x +26
When, x=7
Then,
MR =26(7)+26
=182+26
=208

Thus, the marginal revenue is X 208.

Question 17:
The rate of change of the area of a circle with respect to its radius " at r = 6¢cm is
(A) 107 (B) 127 (©) 8 (D) 11z

We know that 4 =nr*

Therefore,
&=
dr dr
=Jmr
When r = 6cm
Then,
d—A =2n%x6
®
=12mem® | s

Thus, the rate of change of the area of the circle is 12zcem® /s.
Hence, the correct option is B.

Question 18:
The total revenue is Rupees received from the sale of x units of a product is given by

R(x)=3x"+36x+5 Tpe marginal revenue, when x =15 is
(A) 116 (B) 96 (©)90 (D) 126
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Marginal revenue (MR) is the rate of change of the total revenue with respect to the number
of units sold.

Therefore,
MR =R =3(2x)+36
dx
=6x4+36
When, x=15
Then,
MR =6(15)+36
=90+36
=126

Thus, the marginal revenue is X 126.

Hence, the correct option is D.
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EXERCISE 6.2

Question 1:

Show that the function given by S(x)=3x+17 i strictly increasing on R.

Let % and *> be any two numbers in R.
Then,

X, <x,=3%5+17<3x,+17=f(x) < f(x,)

Thus, / is strictly increasing on R.

Question 2:

Show that the function given by f(x)=e" i strictly increasing on R.

Let %1 and *: be any two numbers in R.
Then,

% 4.x =2 <2y e ikl = f(x; }< (%)

Thus, f is strictly increasing on R.

Question 3:

Show that the function given by / (x)=sinx i

)
(a  Strictly increasing in \ 2

—

T
(b) Strictly decreasing in [7— ]

(c) Neither increasing nor decreasing in (Ov“)

It is given that f(x)=sinx

Hence, J'(x)=cosx

[03)
xe|0,—
(a) Here, 2,
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=cosx>0
:f’(x)>0

n
0,—
Thus, / is strictly increasing in [ 2].

(5]
xe| —,mw
(o) Here, 2

=cosx<0
::>f’(x)<0

T
— T
Thus, / is strictly decreasing in (7- }

() Here, xe(0,m)
The results obtained in (a) and (b) are sufficient to state that / is neither increasing nor

decreasing in (0.7)

Question 4:

Find the intervals in which the function / given by / (x)=2x"-3x j

(a) Strictly increasing (b) Strictly decreasing

The given function is / (x ) =2x* 3
Hence,
f(x)=4x-3
Therefore,
£'(x)=0
3
——X=—
4

£ w2

3
In [‘“”Zl f'(x)=4x-3<0

3
Hence, / is strictly decreasing in [ 4J .
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3
(), r9-sea0

3 J
_’{D
Hence, / is strictly increasing in (4 J.

Question 5:
Find the intervals in which the function / given f(x)=2x"=3x"=36x+7 jg
(a) Strictly increasing (b) Strictly decreasing

The given function is f(x)=2x"-3x*-36x+7

Hence,
f'(x) =6x" —6x—36
= 6():2 —x—6)
=6(x+2)(x-3)
Therefore,
£/(x)=0
=x=-23
- ; -

L2 T
wd

In (—:-2) and (3.),/"(x)>0
In (=2:3),/"(x)<0

Hence, ./ is strictly increasing in (—oe, —2}’(3@) and strictly decreasing in (-2.3),

Question 6:

Find the intervals in which the following functions are strictly increasing or decreasing.
(@) ¥*+2x-5 (b) 10—6x—2x"

(c) —2x* —9x* —12x +1 (d) 6-9x-9x°

(e (Jc+1)3 (x —3)3

(a) f(r) = & Tx~5
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Hence,
f(x)=2x+2

Therefore,
= f'(x)=0

== x=-=1

x =-1 divides the number line into intervals (_"Ds l) and (_I»w)

In (=01), /"(x)=2x+2<0

Thus, f is strictly decreasing in (—oo,1)

I (-L®), f"(x)=2x+2>0

Thus, / is strictly increasing in (_Iaw)

(b) f(x) =10-6x—2x°

Hence,
_f'(x}=—6—4x
Therefore,
= f'(x)=0
3
=S X=——
2

3

3
—0,-= |, f'(x)=-6-4x<0
In [ 2j &)
. . . . x<
Hence, / is strictly increasing for

3 TN
" (—E,w}j (x)=-6-4x>0

Hence, / is strictly increasing for

(© f(x)=-2x"-9x" -12x+1
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Hence,
Sf'(x)=—6x"—18x—12

=—6(x" +3x+2)
=—6(x+l}(.r+2)
Therefore,
= f'(x)=0
= x=-12
x=-1 and x=-2 divide the number line into intervals (_°°=_2), (=2.-1) and (-L=).

In (-°.-2) and (_I»w), S'(x)=-6(x+1)(x+2)<0
Hence, / is strictly decreasing for x <—2 and x> -1

In (-2,-1), /' (x)=-6(x+1)(x+2)>0
Hence, / is strictly increasing in —2<x<-1
(d) _/“(Jc)z6—‘3»'):—,\'E

Hence,

f(x)=-9-2x

Therefore,

= f'(x)=0

o . x>
Hence, / is strictly decreasing for 2

. . .. X>
Hence, / is strictly decreasing in 2

@ Jf(x)= (x+1) (x-3)’
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Hence,
f'(x)= 3(x+1)
=3(x+1)°
=3(x+1)
=6(x+1)

(
(
(x-3)
(x-3) (x-

Therefore,
S'(x)=

=x=-13.1

1)

x=3) +3(x=3)" (x+1y’
x- 3) [x-3+x+1]
(2x-2)

x=-13,1 divides the number line into four intervals (—o0,~1),(~1L1),(1,3) and (3,0)

In (-:-1) and (_1’1), ‘f'r(x)zﬁ(x"'l)z(x‘?’)z (x-1)<0

Hence, / is strictly decreasing in (=0.-1) and (-L1)

In (1.3) and (3,@), f'(x)=6(x+l)2 (x—3)2(x—1)>0

Hence, / is strictly increasing in (1-3) and (3-%)

Question 7:
X
y=log(l+x)- x>=1 _ , _ , ,
Show that 2+x , 1s an increasing function of x throughout its domain.
=log(1+x)—
It is given that y =log(1+3) 2+x
Therefore,
dy 1 “(2+x)(2)—2x(1)
dx l+x (2+x)2
_ L4
I+x (2+Jc)2
—_— x-.
(1+ x)(2+ x)2
@ _
Now, dx
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Hence,

Since, X >—Lx=0 divides domain (—1.%) in two intervals ~1<x<0 and x>0

When, -1<x<0

Then,
x<0=x">0
x>-1=(2+x)>0
=(2+x) >0
Hence,
= i >0
4 (2-+-7c2
When, x>0
Then,
x>0=x>>0
:>(2+x)2>0
Hence,
JCE
= >0
4 (2+x)

Thus, / is increasing throughout the domain.
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Question 8:

2
Find the values of x for which ¥ = [x (x- 2)] is an increasing function.

We have,
y =[x(x—2)}2
=[x2 —ZxT
Therefore,
dy d 2
Ey = EI:XZ = 21’]
=2(x*-2x)(2x-2)
=4x(x-2)(x-1)
dv _
Now, dx -
Hence,

=% 4_r(x—2)(x-1)

=Sx=0x=205=1
x=0, x=1 and x=2 divide the number line intervals (=0,0),(0,1),(L,2) ang (2.)

ili~<0
In (-0:0) anq (1.2) , dx

Hence, V¥ is strictly decreasing in intervals (=,0) and (1.2)

dy

—>0
In (0.1) and (27‘”), dx g

Hence, ¥ is strictly increasing in intervals (0.1) and (2.)

Question 9:

y= 4 Sin 9 . |:O T :|
Prove that (2 +C‘359) is an increment function of @ in L 2.
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s 4sin 0 B
We have, (2+cos0)

Therefore,
dy (2+cos6)(4cos@)—4sinf(-sinh)
40 (2+ccns£')2
_ 8c0s0 +4cos’ 0 +4sin’ 0 4
(2+cos0)’
_ 8cosO+4 1
(2+cos8)’
L
Now, d6
Hence,
8cosb

=
(2+u1:0519)2

= 8¢0s0 +4=4+cos’ 0 +4cosH

= cos’ 0 —4cos0 =0

= cosO(cosd —4)=0

=cosf =0 or cosf =4

Since, cosf = 4

Therefore,
cosf =0

=0=

b |

Now,
dy 80039+4—(4+00929+40039)
do (2+c:05.9)2
_4cos0 —cos’ 6
- (2+cos|5‘)2
_ cos(4—cos6)
"~ (2+cos8)’
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T

In interval [ ’ 2} , we have cosf >0
Also,

4 >cosO
= 4—cos0 >0

Hence, c056(4—0059)>0 and also (2 +cos€5')2 >0

Therefore,
c059[4—c059) .
(2+cos)’
ﬁ >0
Hence, d6

T T

o . .. , . . : x=
So, ¥ is strictly increasing in ( 2J and the given function is continuous at x =0 and 2

T
0,—}
Thus, » is increasing in interval { 2],

Question 10:

Prove that the logarithmic function is strictly increasing on (0.e0) |

The given function is / (x)=logx

R
Therefore, I'lz)= X

For, x>0, f'(x) = l{ >0

Thus, the logarithmic function is strictly increasing in interval (0,00)

Question 11:
Prove that the function / given by J(x)=x"=x+1 is neither strictly increasing nor strictly

decreasing on (-L1).
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The given function is / (x)=x—x+1

Therefore,

f(x)=2x-1
Now,

/'(x)=0

=5 e )

1 ) a3
= — — 1,7 _31
*=7 divides the interval v into [ 2) and \ 2

| [l,l}ff(x)ﬂx_bo
In interval \ 2

1
—1,=
Hence, ./ is strictly decreasing in [ 2]

1
—1],f(x)=2x-1>0
In interval [2 ] ()

2
-1
Hence, / is strictly increasing in [2

Thus, / is strictly increasing nor strictly decreasing in interval (-L1)

Question 12:

T
Which of the following principles are strictly decreasing on ( 2 ) ?
(A) cosx (B) cos2x (C) cos3x (D) tanx

(A) Let Jfi(x)=cosx

Therefore, £ (x)=-sinx
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T .t -
0,— |, f, (x)=-sinx<0
In interval ( 2) ] ( )

n
o,_]
Thus, cosx is strictly decreasing in [ 2.

(8) Let .fz(x)=cos 2x

Therefore, £y (x)=-2sin2x

Now,
:>0<x{£
2

=0<2x<71
=sin2x >0
= =28in2x<(

T
' . 0,—
Hence, /> (x)=-2sin2x<0 i ( ZJ

T
=
Thus, cos2x is strictly decreasing in ( ZJ

() Let Ja (X) =cos3x

Therefore, £y (x)=-3sin3x

Now,
£ (x)=0
= sin3x=0
=3x=n [ xe {O’Eﬂ
2
4
Sx=—
3
2 aviaes 5 o (°3) s 573)
. X=— . e I 5 - e
The point 3, divides 2 ) into 3)and \ 3 2
T\ . 0<x<£
0,— |, f3(x)=-3sin3x <0 3
) 3y
In interval O0<3x<rm
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T
0,—
Hence, /5 is strictly decreasing in ( 3

. [E,EJ,f;(X)=—3sin3x>0 E<x<£<ﬂ'<3ur<3'_"’1
Ininterval \ 3 2 ) | 3 2 2

T
Hence, /5 is strictly increasing in (3 , 2)
Thus, cos3x is neither increasing nor decreasing in interval \ 2

o) Let fi(x)=tanx

Therefore, /3 (¥)=se¢’x

T r 2
0,—|.f, (x)=sec" x>0
In interval [ ZJ v ()

b4
0]
Thus, tan x is strictly increasing in [ 2

Thus, the correct options are A and B.

Question 13:

100

On which of the following intervals is the function /* is given by / (x) =" +sinx—1 g strictly

decreasing?
T s
0.1) 3) (93]
A) (0. ®B) |2 ©)\ "2 (D) None of these
We have,
f(,x) =x'% +sinx—1
Therefore,

S'(x)=100x" +cosx

In interval (0:1),€08x>0 449 100x” >0
Hence, f'(x)>0

Thus, / is strictly increasing in (0.1)
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] [—,:rr],cosx<0
In interval \ 2 and 100x™ >0
Hence, f'(x)>0

T
_, ?T
Thus, / is strictly increasing in interval (2 ]

o (O,—J,cosx>0
Now, in interval \ 2 and 100x” >0
Hence, f'(x)>0

n
o,—J
Thus, / is strictly increasing in interval [ 2

Hence, / is strictly decreasing in none of the intervals.

Thus, the correct option is D.

Question 14:

2
=x"+ax+1 ;

For what values of a the function / given f(x) is increasing on [1.2]9

We have

j{x)=x3+ax+1
Therefore,

S'(x)=2x+a
Now, the function / is strictly increasing on [1.2]
Therefore,

= f'(x)>0

=2x+a>0

=2x>-a

—

2

Here, we have 1<x<2

Thus,
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—a

a>-=2

Question 15:

Let I be any interval disjoint from [-1.1]. Prove that the function f given by T s
increasing on L.

We have
g 1
f(x)=x2 +;
Therefore,
1
) = 1 —
f(x)=1-2
Now,
f'(x)=0
=1- ]2 =0
= x’ =
==x==+1

The points x =1 and x =-1 divide the real line intervals (=o1).(=L1) apnd (L)

In interval (-L1) , —l<x<l

¥
= x <1

1

:1<—2 x#0

X

:>1——]?<0 x#0
b

1
4 =1-—<0
Therefore, /(%) x < on (-11) ~{0}

Hence, / is strictly decreasing on (-1,1) ~{o}

Now, in interval (—0.=1) and (1="’3), x<-lorl<x
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= x>

1

=’.>1>—2

X

P LT
—

1
" =1-—>0
Therefore, (%) x g on (=®:~1) and (1,»)

Hence, / is strictly increasing on (=2.=1) and (L)

Thus, / is strictly increasing in I in [-1.1]

Question 16:
i

Prove that the function / given by Jf(x)=logsinx jg increasing on ( ’ ZJ and decreasing on

(3+)

We have
f(x) =logsinx
Therefore,
< 1
x)= cos
/ (t) sin x ¥
=cotx

T

,— L, f(x)=cotx>0
In interval[ ZJ (x)

n
0,—J
Hence, / is strictly increasing in[ 2).

T :
—,7m |,f'(x)=cotx<0
In interval [2 ] (x)

w
Hence, ./ is strictly decreasing in (2 ]
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Question 17:
%)
Prove that the function ./ given by / (x) = log|cos x| j decreasing on \ 2/ and increasing on

(g
2 :

We have / (¥)=log “30”‘
Therefore,

(—sinx)

£()=

=—tan x

COs X

) [O,Ej,tanx>0:>—tanx<0
In interval 2

Hence, f'(x)<0

T
0.2}
Thus, / is strictly decreasing on ( 2/,

3—ﬂ,2ﬂ],mnx<0:> —tanx >0

In interval [ 2
Hence, f'(x)>0

(5]
Thus, / is strictly increasingon \ 2~ /.

Question 18:

Prove that the function given by S(x)=x"=3x" +3x-100 g increasing in R.

We have
S(x)=x"-3x*+3x-100

Therefore,
S'(x)=3x"—6x+3
=3(x* - 2x+1)

2

=3(x-1)
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For xeR, (x=1) 20
So, / (%) is always positive in R.

Thus, the function is increasing in R.

Question 19:
The interval in which ¥ =x"€"" is increasing is

(A) (—2.) B) (-2.0) (©) (2.») ) (0.2)

We have y=xe "

Therefore,
& =2xe " —x"e”
dx
=xe " (2-x)
dy _
Now, dx

Hence, x=0 and x=2

The points x=0 and x=2 divide the real line into three disjoint intervals i.e., (_0070), (0,2)

and (2330),

In intervals (—:0) and (2.) o "(x)<0 a5 ¢ is always positive.

Hence, / is decreasing on (—0) and (2:%)

In interval (0=2), J'(x)>0

Hence, / is strictly increasing in (0-2)

Thus, the correct option is D.

Get More Learning Materials Here : & m @&\ www.studentbro.in


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

EXERCISE 6.3

Question 1:

Find the slope of the tangent to the curve ¥ = 3x'—4x at x=4.

The given curve is ¥ =3x" —4x

Then, the slope of the tangent to the given curve at x =4 is given by,

dy d .
E}rﬂl =‘£E"(JJC4 —4X):]Ir_4

=12(4) -4
=12(64)-4
=764

Question 2:

+
Find the slope of the tangent to the curve d x-2 at x=10.

The given curve is d x—2
Therefore,
dy d[x-1
=
(x-2)(1)~(x-1)(1)
(x-2)
_x-2-x+
(-2
-1
(x-2)

Now, the slope of the tangent to the given curve at x =10 is given by,
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d_y} e
dx |, (x_z)i x=10

=1
(10-2)°
-l
- 64

Question 3:

Find the slope of the tangent to curve ¥ = x’=x+1 at the point whose x-coordinate is 2.

The given curve is V = X —x+1
Therefore,

dy d
EJZE(XE —x+l)

=3x* -1

Now, the slope of the tangent at the point where the x-coordinate is 2 is given by,

@} =3x2-1j
dx x=2 Eee

=3(2)" -1
=12-1

Question 4:

Find the slope of the tangent to curve ¥ =x" —3x+2 at the point whose x-coordinate is 3.

The given curve is ¥ =X’ —3x+2

Therefore,
d_y: i(Jc3 —3x+2)
dx dx
=3x* -3

Now, the slope of the tangent at the point where the x-coordinate is 3 is given by,
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Question 5:

Find the slope of the normal to the curve x =a cos’ 0,y =asin’0 at

. . FEhg
The given curve is x=acos’@ and y =asin’ 0

Therefore,
L. :i(a cos’ 6)
d0 do
=-3acos’Bsind
ﬁ = i( asin’ 9)
d0 do
=3asin’ 6 (cosﬂ}
Hence,
%
dy _\df) _ 3asin®6cosé
dx [ﬁj —3acos*0sin0
do
. sin@
cos@
=—tan#
o="
Now, the slope of the tangent to a curve at 4 1is given by,
dy
=—tan @ T
aix:|g=i ]G_E
_.l
= —tan —

T

Hence, the slope of the normal at 4 is given by,
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-1 L

__—1:

slope of the tangent at 6 = %

Question 6:

) 0
Find the slope of the normal to the curve x =1—-asin@ and ¥ =bcos” 0 at 2.

It is given that x =1—asin® and ¥ =bcos’ 0

Therefore,
HE =—d¥w(l—asin8)
dg do
=—qgcosO
& _ i(b cos’ 9)
dog do
=-2hsinfcosA
Hence,

dy
ﬁ_ do _—2bsin9€056

dx ( dx ] —acosf
do
= &sin 7
a
_T
Now, the slope of the tangent at 2 1is given by,

d_y:| zﬁsin 9}
fi)’. L a 0=

[l
(SN

2b . @
="sin—
a

_2

a

i

Hence, the slope of normal at 2 is given by,
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-1 _—1_a

&j EZ
a

slope of the tangent at 0 = % (

Question 7:

Find the points at which tangent to the curve ¥ =x P-4 s parallel to the x-axis.

The given curve is ¥ =" =3x* —=9x+7
Therefore,

@ =£(x3 -3x* —9x+ ?)
dx dx

=3x"—6x-9

Since tangent is parallel to the x-axis if the slope of the tangent is zero.

Hence,
3x*—6x-9=0
= x?-2x-3=0
:>(x—3)(x+[)=0
=x=3orx=-1
When, x=3
Then,
y=(3) -3(3)" -9(3)+7
=27=-27=-27+7
=20
When, x=-1
Then,
y=(=1) =3(=1)" =9(-1)+7
=-1-3+9+7
=12

Thus, the points at which the tangent is parallel to the x-axis are (3.-20) and (
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Question 8:

Find a point on the curve » = (¥*=2)" at which the tangent is parallel to the chord joining the
points (2,0) and (4:4),

If a tangent is parallel to the chord joining the points (2,0) and (4.4)
Then, the slope of the tangent = the slope of the chord.

4-0_4_,
4-2 2

Hence, the slope of chord is 4-2

Now, the slope of the tangent to the given curve is,

%=2(x—2)

Since, the slope of the tangent = the slope of the chord.

Hence,
2(x-2)=2
=x-2=1
= x=3
When, x=3
Then,
y=(3-2)
=1

Hence, the point on the curve is (3.1).
Question 9:
Find the point on the curve ¥ =" —11x+5 at which the tangent is ¥ =x—11,

The given curve is ¥ = ¥ =11x+5

The equation of the tangent to the given curve is ¥ =x—11

Therefore, slope of the tangent is 1.
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Now, the slope of the tangent to the given curve is,

ﬁzi(f—uﬁs)
dx dx
=3x*-11
Hence,
3x*-11=1
=5.3%" =12
=x' =4
= x=+2
When, x=2
Then,
y=(2) -11(2)+5
=8-22+5
=9
When, x=-2
Then,
y=(-2) -11(-2)+5
=—8+22+45
=19

Thus, the points are (2.-9) and (-2.19).

Question 10:

:L x#1

Find the equation of all lines having slope —1 that are tangents to the curve 4 x-1’

) ) yzL,xil
The given curve is x-1
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The slope of the tangents to the given curve is given by,

d_y_i(L]
dx  dx\ x-1
—1

(x-1)

The slope of the tangent is —1
So, we have:

—1 —
(x-1)
=(x-1)" =1

=x—1==%1

=x=2.0
When, ¥=0,=y=-1 and when x=2,=y=1

Thus, there are two tangents to the given curve having slope —1 and passing through the points
(0,-1) and (2.1).

Hence, the equation of the tangent through (0,-1) ig given by,
y=(-1)=-1(x-0)
= y+l=—x
= y+x+1=0

The equation of the tangent through (2.1) is given by,
y-1=-1(x-2)
= y—-1l=x+2
= y+x—3=0

Thus, the equations of the required lines are y+x+1=0 and y+x-3=0,

Question 11:
Find the equations of all lines having slope 2 which are tangent to the curve T3
1

: . y=
The given curve is x-3
The slope of the tangents to the given curve is given by,
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The slope of the tangent is 2
So, we have:

-1 _
(x-3)°
=2(x-3)" =-1

= (-3 =2

It is not possible since the LHS is positive and RHS is negative

Thus, there i1s no tangent to the curve of the slope 2.

Question 12:
_ 1
Find the equations of all lines having slope 0 which are tangent to the curve d x*—2x+3.

1
The given curve is T 3

The slope of the tangents to the given curve is given by,

d_y_i[;)
dx  de\ x> =2x+3

_ —(x-2)
B (x3 —2.?.:+3)2
- =2(x-1)
B (x2 —2x+3)2
The slope of the tangent is 0
So, we have:
-2(x-1
(Jr2 _(2x+ 2)2 -0
= -2(x-1)=0
=x=1
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When, x=1
Then,

Y123
1
>

|

l,—
Hence, the equation of the tangent through ( 2] 1s given by,

y—%=0(x—l)
1
50
ey e b
'

Thus, the equation of the line is Y73,

Question 13:

2 2
A ¥
s A
Find the points on the curve 9 16  at which the tangents are
(i) parallel to x-axis (ii) parallel to y-axis
xl 2
RS L =1

The equation of the given curveis 9 16

On differentiating both sides with respect to x, we have:

ERI
9 16 dx
dy —l6x
E;_EU
—16x -0
() The tangent is parallel to the x-axis if the slope of the tangent is 9y , which is

possible if x=0

Thus,
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Therefore,

:>L=l
16
:>y2=16

= y=14
Hence, the points are (0.4) and (0.-4)

(ii) The tangent is parallel to the y-axis if the slope of the normal is 0, which gives
=l

—16x
9y
:>2:0
16x

=y=0

=0

Thus,

+ |
9 16 for y=0

Therefore,
= x 1
9
== x*=9

= y=13

Hence, the points are (3.0) and (-3.0).

Question 14:
Find the equation of the tangents and normal to the given curves at the indicated points

i) y=x'—6x+13x>~10x+5 g (0.5)
) y=x'—6x+13x>~10x+5 gt (1.3)
Gy v=xat(L1)
w v=x at(0,0)
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(v)

(i)

(i)

b
x=cost,y=sint at = 4

The equation of the curve is ¥ =x" —6x’ +13x* =10x+5

On differentiating with respect to x, we get:
ﬂ:au-"‘ —18x* +26x-10
dx

@] =10
dx {(0.5)

Thus, the slope of the tangent at (0.5) is -10.

The equation of the tangent is given as:
y—5=-10(x-0)
= y—-5=-10x
= 1x+y=35

Slope of normal at (0.5) is
-1 -1 1

slope of the tangent at (0,5) -10 10

Therefore, the equation of the normal at (0.5) is given as:
1
—5=—(x-0
y-s=r{x-0)

=10y-50=x
= x-10y+50=0

The equation of the curve is V= x*—6x’ +13x> —10x+5 5t (1,3)

On differentiating with respect to x, we get:

iy-:/-txs —18x> +26x-10
dx

@] —4-18+26—-10=2
(13)

Thus, the slope of the tangent at (1.3) is 2.
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(iif)

The equation of the tangent is given as:
y—3= Z(x—l)
=y 3=24~2
= y=2x+1

Slope of normal at (1.3) is
-1 -1

slope of the tangent at (1,3) 2

Therefore, the equation of the normal at (13)

y—3=15(x—1)

= 2y—-6=x+1
=x+2y-7=0

The equation of the curve is ¥ = % at (L1)

On differentiating with respect to x, we get:

@ =3x°
dx

dVJ 2
= =3(1) =3
dx (1.1) (

Thus, the slope of the tangent at (L1) §s 3.

The equation of the tangent is given as:
y—1=3(x-1)

= y=3x-2

Slope of normal at (L1) s
-1 -1

slope of the tangent at (1,1) 3

Therefore, the equation of the normal at (L1) i given as:

y=1 =?(x—1)

%3y —-3=mik+]
=x+3y-4=0
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(iv) The equation of the curve is ¥ = x* at (0.0)

On differentiating with respect to x, we get:

QZZI
dx

ﬁ] _0
dx (0,0)

Thus, the slope of the tangent at (0,0) js 0.

The equation of the tangent is given as:
y—0=0(x-0)

= y=0

Slope of normal at (0,0) i
-1 -1

slope of the tangent at (0,0)

O which is not defined.

Therefore, the equation of the normal at (0,0) i given as x=0

. ) , t
The equation of the curve is x=cost and Y =snf at

On differentiating with respect to ¢, we get:

: dy
— =—sin — =cost
t and dt
Therefore,
)
dy dt cost
— === =—cott
dx ( dx ) —sint
dt
Hence,
d—}} =—cotf=-1
dx |, =

T
t=—.
Thus, the slope of the tangent at 4 is —1.

Hence,
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1 1

= y_—
V2 and NG

The equation of the tangent is given as:

:>t+y—i—i“0
T V2 2
:>x+y—\f5:0

T
l‘ —_
Slope of normal at 4 is
-1 -1

slope of the tangent at f =

T
Therefore, the equation of the normal at 4 is given as:

= x=y

Question 15:

Find the equation of the tangent line to the curve ¥ =’ —2x+7 which is
(a) parallel to the line 2x—y+9=0
(b) perpendicular to the line 5y —15x=13

The equation of the curve is ¥ = ¥ =2x+7

On differentiating with respect to x , we get:
i{-ﬁ =2x-2
dx

(a) The equation of the line is 2x—y+9=0
= y=2x+9

This is of the form Yy =mx+c¢

Hence, the slope of line is 2
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If a tangent is parallel to the line 2x—y+9 =0 then the slope of the tangent is equal to
the slope of the line.

Therefore, we have:
2=2x—2
=2x=4
=x=2

Now, x=2

Then,
= y=4-4+7
=y=7

Thus, the equation of tangent passing through (27) is given by,
y=T7=2(x-2)
= y—2x-3=0
(b) perpendicular to the line 5y —15x=13
= y=3x+ e
5

This is of the form Yy =mx+c¢

Hence, the slope of line is 3

If a tangent is perpendicular to the line 5y —15x=13 | then the slope of the tangent is,
-1 -1

slope of the line 3
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Therefore, we have:

ZZJr—Zz_—1
3

:>2x=_—l+2

 25-60+252
B 36
217

ETY

5 217
Thus, the equation of tangent passing through (6 ' 36 ] is given by,

217 _1( 5
}"%‘5[”“3]
zM:_—l(ﬁx—S)

36 18
=36y-217=-2(6x-5)
=36y-217=-12x+10
=36y +12x-227=0

Question 16:

Show that the tangents to the curve »=7x"+11 at the points where x=2 and x=-2 are
parallel.

The equation of the given curve is ¥ =7x"+11,
Therefore,

3
-

if“;')-=2l;vc
dx
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Thus, the slope of the tangent at the point where x =2 is given by,

dy 2
—| =21(2) =84
dx lzz ( )

Also, the slope of the tangent at the point where x = -2 is given by,

dy 2
P\ =21(=2) =84
dxj|r:—2 ( )

It is observed clearly that the slopes of the tangents at the points where x=2 and x=-2 are
equal.

Hence, the two tangents are parallel.

Question 17:

3
Find the points on the curve ¥ =% at which the slope of the tangent is equal to the y-coordinates
of the point.

The equation of the given curve is V= X’
Therefore,
dy _
~=

3x°

When the slope of the tangent is equal to the y-coordinate of the point, then According to the

bl
question, Y= 3x

3
Also, we have V=4

Therefore,
3x*=x°
= (x— 3) =A{)

=x=0,x=3

When, x=0,= y =3 and x=3,=y=3(3)"=27

Thus, the points are (090) and (3927).

Get More Learning Materials Here : & m @&\ www.studentbro.in


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

Question 18:

3 5
For the curve ¥ =4x —2x , find all the points at which the tangent passes through the origin.

3 5
The equation of the given curve is V= 4x’-2x
Therefore,

i32:12:3—10):*‘

X

Hence, the slope of the tangent at the point (%7) is 12x* —10x*

Thus, the equation of the tangent at (x,y ) is given by,
Y—y=(123¢:2 —10x4)(X—x)

When the tangent passes through the origin (090) , X=Y=0.
Therefore,

—y= (ll\f2 —le‘i)(—x)
y=12x"-10x

3 5
Also, we have V= 4x =2x
Hence,

S 12x =10x° =427 -2x°
= 8x° —8x’ =0
a0yt =)

:>x3(x2 —l)=0

=x=0,%1

When, ¥=0.=¥ 34(0)3 - 2(0)5 =0
When, ¥=1=>y=4(1)' ~2(1)’ =2

When, ¥=—1=>y =4(-1)’ ~2(-1)' =2

Thus, the points are (090), (1=2) and (_1’_2)
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Question 19:

2 2
Find the points on the curve ¥ tJ ~ 2x-3=0 at which the tangents are parallel to the x-axis.

2, .2
The equation of the given curve is X TV ~ 2x-3=0

On differentiating with respect to ¥, we have:

Now, the tangents are parallel to the x-axis if the slope of the tangent is 0.

Therefore,

2;c+2y?—2:0
x

1=% _s
v

=1-x=0
=x=1

2. 2
But we have ¥ +V =2x=-3=0 for x =1

Hence,

:>y2:4
= y=12

Thus, the points are (1=2) and (1’_2).

Question 20:

Find the equation of the normal at the point

2_ 3
The equation of the given curve is &/ =X

On differentiating with respect toX, we have:
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dy 2

2ay—=73x"
3 dx

Q_ 3x*

dx 2ay

2 3
The slope of a tangent to the curve at (am® am’) i

dy} B 3(am2 )2
dx (am? an?) - 20(&m3)

2.4
3a‘m

2am’
_ 3m

T 9

2 3
Therefore, the slope of normal at (am® am’) i

~1 ~1 -2

slope of the tangent at (amz,am'?) - (311) 3m
2

2 3
Hence, the equation of the normal at (am®,am’) ;g given by,

V- {IP?I‘; - %(I - ﬂ}’ﬂz)

= 3my —3am* = -2x+ 2am’

= 2x+3my —am’ (2 +3m2)= 0

Question 21:

3
Find the equation of the normal to the curve V=X +2x+6 which are parallel to the line
x+14y+4=0,

3
The equation of the given curve is V=¥ + 2x+6

The slope of the tangent to the given curve at any point ('Y*y ) 1s given by,

L TN

dx

Therefore, slope of the normal to the given curve is,
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- -1
slope of the tangent  3x” +2

The equation of the given line is x+14y+4=0
1 4

: = - . .
Y 14x 14 , which is the form of ¥y =mx+c

Hence,
e
3x°+2 14
=3x’+2=14
=3x’ =12

=>x =4

e S ot

When, x=2,= y=8+4+6=18
When, x=-2,=y=-8-4+6=-6

-1
Therefore, there are two normal to the given curve with slope 14 and passing through the points

(2>18) and (_2’_6).

Thus, the equation of the normal through (2>1 8) 1s

-1
~18="(x-2
& i
=14y—-252=x+2
— x+14y—254=0

And the equation of the normal through (_2= _6) is

y=(-6)=7(x-(-2))

= 14y+84=-x-2
= x+14y+86=0

Hence, the equations of the normal to the given curve are x +14y—254=0 and x+14y+86=0,

Question 22:

2 2
Find the equation of the tangent and normal to the parabola V = 4ax at the point (ar =2‘”) :
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2
The equation of the given parabolais V = dax

On differentiating both sides with respect to ¥, we have:

ZyQ =4a
X
dy_2a
dx V
Therefore, the slope of the tangent at (‘“2 ' 2‘”) 1s
dy _ 2a 1
T][) T

2
Hence, the equation of the tangent at (at ’2'5“) is
1 5
y—2at=—(x—at"
= i ( )

= ty—2at’> =x—at®

=ly=x+ at’

2
Now, the slope of the normal at (ar =2“t) is
—1 —

= = —f

slope of the tangent at (arZ,Zm) [l

t

2
Thus, the equation of the normal at (ar ’2'5“) 1s
y—2at =—t(x—a£2)
= y—2at=—tx+at’

= y=—tx+2at +at’

Question 23:

2
Prove that the curves ¥ =V and xv =k cut at right angles if 84> =1.

[Hint: Two curves intersect at right angle if the tangents to the curve at the point of intersection
are perpendicular to each other.]

2
The equations of the given curves are * =V and xy =k
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2
Putting X=V in xy =%

Y=k
1
= o
2
= x=k3

2
Thus, the point of intersection of the given curves is .
2
Differentiating ¥ =)  with respect to ¥, we have:

dy
1=2y—
J'dx

dy 1
===
dx 2y

2 1
5 [ k3 k3 J
Therefore, the slope of the tangent to the curve * =V at is

ﬂ} 2L
dk[ﬁﬁ] Zk%

On differentiating x¥ =k with respect to X, we have:

d'
xél+y=0
dx
=y
dx x

k.? k3

2

21
Now, slope of the tangent to the curve xy =4 at { } is
dy

We know that two curves intersect at right angles if the tangents to the curves at the point of
2
k-?,k%

intersection i.e., at { J are perpendicular to each other.
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This implies that we should have the product of the tangents as —1.

Thus, the given two curves cut at right angles if the product of the slopes of their respective

2 1
tangents at is —1.i.e.,

=X kY=
:[25] (1)
= 8k* =1

Hence, the given curves cut at right angle if 84* =1.

Question 24:

Find the equation of the tangent and normal to the hyperbola 4’

2 2

X y

Differentiating @’ b’ ~ with respect to X, we have:

2 Wd

a’ b dx
2ydy_2x

Therefore, the slope of the tangent at (%:0) is

Q} _ bBx
'dx (%0.¥0) a3y0

Hence, the equation of tangent at (¥%0:7%) is
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5% s (B B ]
a b a b
XX, ¥y
F-22-1=0
‘xx(] .}yﬂ I
7 -
a b

Now, the slope of normal at (¥0:3) is
-] _ -a’ Yo
slope of the tangent at (x,,y,) b°x,

Hence, the equation of normal at (%0:30) is

2
Y=W= -;XJU)U (x_x{:)
— y;yu _ _(;Q_XO)

a Yo 2 Xy

vy (%)
az_vn b*x,

%

Question 25:

Find the equation of the tangent to the curve Y=V3X¥=2 which is parallel to the line
4x-2p+5=0,

The equation of the given curve is V= V3X~2
The slope of the tangent to the given curve at any point (%) is given by,

dy 3

dx  243x-2

The equation of the given line is 4x—2y+5=0,

5
= yp=2x+— o
r=x 2, which is the form of y=mx+c¢
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Hence, the slope of line is 2.

Now, the tangent to the given curve is parallel to the line 4x-2y+5=0 if the slope of the
tangent is equal to the slope of the line.

Therefore,

X = ﬂ
When, = 48

Then,

41 3
Thus, equation of the tangent passing through the point [48 , 4J 1s
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=24y —18=48x—41
= 48x —24y =23

Question 26:

The slope of the normal to the curve V= 20" +3si0X ¢ =0 is
1 1
(A) 3 (B) 3 (C) -3 D) 3

2 .
The equation of the given curve is ¥ = 2% +3sinx

Slope of the tangent to the given curve at x =0 is given by,

dv
—}] =4x+3cosx]
dx |, =
=0+3cos0
=3

Hence, the slope of the normal to the given curve at x=0 is
1 !
slope of the tangent at (x=0) 3

Thus, the correct option is D.

Question 27:

2
The line ¥ =x+1 is a tangent to the curve V = 4X at the point

@A) (1.2) @) (21) ) (L-2) @) (-1.2)

2
The equation of the given curve is V' =4X .
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Differentiating with respect to ¥, we have:

dy
2y L =4
Y
Ly _2
dx vy

The given line is ¥ =x+1 which is of the form y=mx+c,

Hence, slope of the line is 1

The line ¥ =x+1 is a tangent to the given curve if the slope of the line is equal to the slope of
the tangent.

Also, the line must intersect the curve.

Thus, we must have:

Therefore,
y=x+1
=x=y-1
=r=2—1
= x=1

Hence, the line ¥ =x+1 is a tangent to the given curve at the point (1’2) .

Thus, the correct answer is A.
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Question 1:

EXERCISE 6.4

Using differentials, find the approximate value of each of the following up to 3 places of

decimals.

(i) v25.3 (i) V49.5 (iii) Jo.6
(iv) (0.009): (v) (0:999) iy (15)°
(vii) (26)° (viii) (255)* (ix) (82)*
() (401)2 (xi (0.0037): (xii) (2657)
(xiii) (81-5)" (xiv) (3.968)° (xv) (32.15):
) \25.3

Consider V= \/;

Let x=25 and Ax=0.3

Then,

Ay =+x+Ax — Jx
=253-4/25
=+/25.3-5

Ay+5=\/f

Now, @y is approximately equal to Ay and is given by,

{2

=$(o.3) [ y=vx]

!
“205 )

=003

Hence,
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V25.3=0.03+5

=503
Thus, the approximate value of v25.3=5.03.
(i) V49.5
Consider » =+x

Let x=49 and Ax=

Then,
Aj.f=m Jx
=~/49.5 /49
=\49.5-7
Ay+7=+/49.5

o

Now, @y is approximately equal to Ay and is given by,
L2

oo [ y=x]

2\/_ (0 ’)
e
=0.035

Hence,

Vv49.5 =7+0.035

=7.035
Thus, the approximate value of v49.5 =7.035,
(iii) 0.6
Consider ¥ =+x .

Let x=1 and Ax=-0.4

Then,
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() [+ y=x]

Hence,

J0.6 =1+(-02)
=1-0.2
~0.8

Thus, the approximate value of v0.6 =0.8.

(iv) (0.009)5

Consider ¥ =(x)?
Let x=0.008 and Ax =0.001

Then,
1 1
Ay =(x+Ax)s —(x)
1 |
= (0.009)3 —(0.008)3

!
=(0.009)3 —0.2

Ay +0.2=(0.009)3

Now, 4 is approximately equal to Av and is given by,
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Hence,

(0.009)5 =0.2+0.008
= 0.208

1
Thus, the approximate value of (0.009)3 =0.208
1
) (0.999)10
1
Consider ¥ =(x)
Let x=1 and Ax=-0.001

Then,
I I
Ay = (x-|- Ax)m _(x)m
!

=(0.999)i0 ~1

1
Ay+1=(0.999)10

Now, @y is approximately equal to AV and is given by,

Hence,

|
(0.999)i0 =1+(-0.0001)
=0.9999
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J
Thus, the approximate value of (0.999)10 =0.9999

1
(vi) (15)*
1
Consider ¥ =(¥)*
Let x=16 and Ax=-1

Then,

Ay =(x+Ax)+ —(x)4
_ (15)+ — (16):
—(15)i -2

1
Ay+2=(15)

Now, 4 is approximately equal to A and is given by,

rele 5= ]

e
48
-1

T3
=—0.03125

Hence,
1
(15)Z = 2+(—0.03125)
=1.96875

1
Thus, the approximate value of (15): =1.96875

(vii) (26)°
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1
3

Consider ¥ =(x)
Let x=27 and Ax=-1

Then,

Now, 4V is approximately equal to Ay and is given by,
dy
dy=| Z |Ax
g [de
1

() <= (o)
3(x)3 { }
-— ()

3(27)

=

=3

=-0.0370

Hence,

(26)§ =3+(-0.0370)
=2.9629

1
Thus, the approximate value of (26)5 =2.9629
!
(viii) (255)*
L
Consider ¥ =(%)*

Let x=256 and Ax=-1

Then,
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1

Ay = (Jc+z&)c)]Z —(x)4
_ (255)¢ —(256)
=(255)4l -4

1
Ay +4=(255)4

Now, dv is approximately equal to Ay and is given by,

dy
dy=| 2 |A;
y[dx]"

- N { y:(xﬂ

Hence,

1
(255)% = 4+(-0.0039)
=3.9961

1
Thus, the approximate value of (255)+ =3.9961

Get More Learning Materials Here : & m @&\ www.studentbro.in


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

(ix) (82)*
Consider ¥ = (%)

Let x=81 and Ax=1

Then,
T R
- (82)+ ~(81):
~(82)1 -3
Ay+3= (82)417

Now, 4 is approximately equal to A and is given by,

dy
&= 2 |ax
"”[dx)

s =]
=——()

4(81)4
o
43
R
" 108
=0.009

Hence,

1
(82)3 =3+0.009
=3.009

!
Thus, the approximate value of (82)+ =3.009
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(o (401)

1
Consider ¥ =(x)2
Let x=400 and Ax=1

Then,

1

401)2 —20

1

401):

(

— (401): —(400):
(
(

Ay +20

Now, 4 is approximately equal to A and is given by,

(2
dx

1 ) !

) 0]
l

ECR

1

"%

=0.025

Hence,

|
(40])2 =20+0.025
=20.025

Thus, the approximate value of (401)2 =20.025

1
(xi) (0.0037)2

1

Consider ¥ =(x)?

Let x=0.0036 and Ax =0.0001
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Then,

Ay = x+Ax) —(x)>
- (0.0037): ~0.06
Ay +0.06 = 00037)

(
(0. 0037) (0.0036);
(
(

Now, 4V is approximately equal to A and is given by,

N

- 2}(@

2(0 05) (0.0001)

0.0001

0.12
=0.0008325

Hence,

1
(0.0037)2 = 0.06+0.00083

=0.06083

aatd

.|.
Thus, the approximate value of (0.0037)2 =0.06083

1
(xii) (26.57)3
1
Consider ¥ =(x)?
Let x=27 and Ax=-0.43

Then,
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Now, @y is approximately equal to AV and is given by,
i
dy=|2 |Ax
y=(2

:E(M) [ y=(X)-ﬂ

= L(-om)

3(9)
_ 043
27
=-0.015

Hence,

1
(26.57)3 =3+(-0.015)
=2.984

Thus, the approximate value of (26.57)5 =2.984

1
(xiii) (81.5)*
1
Consider ¥ =(x)?
Let x=81 and Ax=0.5

Then,
Ay = (x4 Ax)s — (x)8
= (81.5)31 —(31);
~(815)i -3

|
Ay+3=(81.5)

Now, 4 is approximately equal to A7 and is given by,
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(2]

) =G

-—L_(03)

108
=0.0046

Hence,

(81.5)7 =3+0.0046
=3.0046

1
Thus, the approximate value of (81.5)« =3.0046

(xiv) (3.968):

Consider Y =(x)

3
2

Let x=4 and Ax=-0.032

Then,

Now, @y is approximately equal to Av and is given by,
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Hence,

(3.968)2 =8 +(~0.096)
~7.904

3

Thus, the approximate value of (3.968)2 =7.904

(xv) (32' 15)3

1
Consider ¥ =(x)?

Let x=32 and Ax=0.15

Then,

Ay = (x+ Ax)t —(x)s
=(52. 15): —(32)‘
=(3215)5—

Ay+2= (3215)

Now, 4 is approximately equal to A and is given by,
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015
80
= 0.00187

Hence,

1
(32.15)5 =2+0.00187
=2.00187

3
Thus, the approximate value of (32.15)s =2.00187

Question 2:

Find the approximate value of f(2.01) , where / (x)=4x"+5x+2

Let x=2 and Ax=0.01

Then,
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£(201)= f(x+Ax)
= 4(x+ m:): - S(x +,-:'f\r)+ 2
Ay = f (x+Ax)- £ (x)
S(x+Ax)=f(x)+Ay

(.)+f(.)-A\: ( dx:Ar)
( x+2)+(8x S)f\x
=[ 2) +5(2)+2]+[8(2)+5](0.01) [+ x=2,Ax=001]
=(16+10+2)+(16+5)(0.01)
=28+21(0.01)
=28+0.21
=28.21
Hence, the approximate value of f(2.01)=2821

Question 3:

Find the approximate value of f(5.001) , where / (¥)=x"-Tx*+15

Let x=5 and Ax=0.001

Then,
f(5.001) = f(x+Ax)
=(x+Ax)’ =7(x+Ax)’ +15
Ay=f(x+Ax)—f(x)
f(x+Ax)=f(x)+Ay
f(x)+f'(x)-Ax ( dx:Ax)

Q2

S(5.001) = (x* =7+’ +15) (3x* —14x) Ax
(5 =7(5)" +15|+[ 3(5)" -14(5) |(0.001) [+ x=5,A¢=0001]

(125-175 +15) (75-70)(0.001)
(-3

5)+(5)(0.001)

=-354+0.005
=-34.995

ZZ
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Hence, the approximate value of ! (5 001) =-34.995 .

Question 4:

Find the approximate change in the volume V' of a cube of side x meters caused by increasing
the side by 1%.

The volume of a cube ¥ of side x is given by ¥ = x°

Therefore,

=(32%)(0.01x) [ 1% of x is 0.01x]
X

Hence, the approximate change in the volume of the cube is 0.03x°m’.

Question 5:
Find the approximate change in the surface area of a cube of side x meters caused by

decreasing the side by 1% .

The surface area of a cube (S ) of side x is given by §=6x".
Therefore,
s = (é]Ax
dx
= (l Zx) Ax

=(12x)(0.01x) [ 1% of x is 0.01x]
=0.12x?

Hence, the approximate change in the surface area of the cube is 0.12x*m’.
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Question 6:

If the radius of a sphere is measured as 7m with an error of 0.02m , then find the approximate
error in calculating its volume.

Let 7 be the radius of the sphere and Ar be the error in measuring the radius.
Then, »r=7m and Ar=0.02m

Now, the volume ¥ of the sphere is given by,

=—mur’
3

Therefore,

Hence,

dv = (ﬂ]ﬁ\r
dr

=(47r7)(0.02)
=4x(7)(0.02)
=3.92n

Thus, the approximate error in calculating its volume is 3.92zm’.

Question 7:

If the radius of a sphere is measured as 9m with an error of 0.03m, then find the approximate
error in calculating its surface area.

Let 7 be the radius of the sphere and Ar be the error in measuring the radius.
Then, r=9m and Ar=0.03m

Now, the surface area S of the sphere is given by,
S =4nr’

Therefore,
ds

— =8xr
e
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Hence,
das = (ﬁj Ar

= (Sfrr)Ar
= 8}':(9)(0.03)
=216«

Thus, the approximate error in calculating its surface area is 2.16zxm’.

Question 8:
1f /(%) =3x" +15x+ 5, then the approximate value of J/ (3.02) i
(A) 47.66 (B) 57.66 (C) 67.66 (D) 77.66

Let x=3 and Ax=0.02

Then,

~ f(x)+f"(x) Ax (" dx=Ax)
£(3.02) % (3x° +15x +5) +(6x +15) Ax
=[3(3) +15(3)+5 | +[6(3) +15](0.02) [+ x=3.Ac=002]
=(27+45+5)+(18+15)(0.02)
=77+(33)(0.02)
=77+0.66
=77.66
Hence, the approximate value of f(3.02)=77.66
Thus, the correct option is D.
Question 9:
The approximate change in the volume of a cube of side x metres caused by increasing the
side by is.
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(A) 0.06x°m’ (B) 0.6x’m’ (©) 0.09x°m’ (D) 0.9x°m’

The volume of a cube (V) of side x is givenby V =x".
Therefore,

dV:[d—V]Ax
dx

=(3x7)(0.03x) [ 3% of x is 0.03x]
=0.09x

Hence, the approximate change in the volume of the cube 0.09x’m’.

Thus, the correct option is C.
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EXERCISE 6.5

Question 1:
Find the maximum and minimum values, if any, of the following functions given by

(i) ‘f(x):(Zx—4)2+3
(ii) S(x)=9x"+12x+2
iy S (x)=-(x-1)"+10
(iv) &(x)=(x)"+1

. 2
(i) The given function is / (x)=(2x-1)"+3
2
It can be observed that (2x=1) 20 for every xeR.
. 2
Therefore, / (x)=(2x=1)"+323 g5 every xeR.

The minimum value of / is attained when 2x—1=0
2x—-1=0

1
= x=—

Hence, minimum value of

f= f[%)

=3

Thus, the function /* does not have a maximum value.

(ii) The given function is / (¥)=9x" +12x+2

It can be observed that (3¥+2) 20 for every xeR .

Therefore, / (¥)=(3x+ 2) -22-2 gy every xeR.

The minimum value of / is attained when 3x+2=0

3x+2=0
-2
X T e
3

Therefore, Minimum value of
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Hence, the function /* does not have a maximum value.

2 2
(iii) The given function is / (x)==(x-1) +10
It can be observed that (*=1)" 20 for every x<R.
3 2
Therefore, f(x)==(x=1) +10<10 £ every xeR.

The maximum value of fis attained when (x-1)=0
(x-1)=0

—=x=1

Therefore, Maximum value of
f=r0)
=—(1-1) +10
=10

Hence, the function /* does not have a minimum value.

(iv) The given function is g(x)=(x) +1
Hence, function & neither has a maximum value nor a minimum value.

Question 2:
Find the maximum and minimum values, if any, of the following functions given by:

) J(x)=x+2]-1

(ii) g(x —|x+1]+3
(i) h(x) = sm(2x)+5
(iv) S (x)=|sin4x+3|

(v) h(x)=x+1xe(-11)

(i) The given function is / (x)=|x+2|-1
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It can be observed that [**+ 220 for every xeR.

Therefore, / (¥) = fe+2[-12-1 g every xeR.

The minimum value of f'is attained when e +2[=0
|x+2/=0

=>x=-2

Therefore, Minimum value of
f=1(=2)
=|-2+1]-1
=-1
Hence, the function /* does not have a maximum value.
(ii) The given function is & (%)= —|x+1]+3
It can be observed that —[ X +1/<0 for every xeR.
Therefore, / (¥) = —e+1+3<3 gor every xe R.

The maximum value of g is attained when x+1]=0
|x+1]=0

= x=-1

Therefore, maximum value of
g=g(-1)
=—|-1+1|+3
=3

Hence, the function £ does not have a minimum value.

(iii) The given function is /(x)=sin(2x)+5
We know that —1<sin2x <1
Therefore,

= ~-1+5<sin2x<1+5

= 4<sin2x+5<6

Hence, the maximum and minimum values of /# are 6 and 4, respectively.

(iv) The given function is / () =|sin4x+3]
We know that —1 <sin4x <1
Therefore,
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= 2<smn4x+3<4

:>ZS|sin4x+3|S4

Hence, the maximum and minimum values of / are 4 and 2, respectively.

(v) The given function is h(x)=x+1xe(-L1)

L+l>x,+1
Here, if a point %o is closest to —1 , then we ﬁnd 2 for all o €(~11).
y 1Bt
Also, if * is closest to 1, then find ™ 2 for all & e(—l,l)_

Hence, function h(x) has neither maximum nor minimum value in (_L 1) .

Question 3:
Find the local maxima and minima, if any, of the following functions. Find also the local
maximum and the local minimum values, as the case may be:

i JSx)=x
(”) ) x3—3x

g(x
h(x) —sinx+cosx,0<x<%

(iii)

(iv) S (x)=sinx—cosx,0<x<2r
(v) f(x)=x"-6x*+9x+15
(Jf)zjr

(vi)
1
(vii) g(x)= 542

(viii) f(x)= x1=-x,0<x<1

i JS(x)=x

Therefore,

S'(x)=2x

Now,
£(x)=

=x=10

Thus, x =0 is the only critical point which could possibly be the point of local maxima
or local minima of /.
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We have /"(0)=2 , which is positive.

Therefore, by second derivative test, x=0 is a point of local minima and local minimum

value of f at x=0 is /(0)=0

(ii) g(x)=x"-3x

Therefore,
g'(x)=3x"-3

Now,
g'(x)=0
=3x’-3=0
==l

Also,
2"(x)=16x
g"(1)=6>0
g"{—l) =—6<0

By second derivative test, x =1 is a point of local minima and local minimum value of &
at x=11s
g(1)= ’-3
=1-3
=

However, x =-1 is a point of local maxima and local maximum value of & at x=-1 is

g(-1)=(-1) -3(-1)
=—1+43
=2

. T
o h(x)=sinx+cosx,0<x<—
(iii) x) 2
Therefore,

h'(x) =CosXx—sinx

Now,
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h’(x)z(]
= cosx—sinx=10
= SIN X =COSX

=tanx=1

:>x:£e(0,£]
4 2

Also,
h"(x)=—sinx—cosx

= —(sinx+cosx)

Hence,

O
=—2<0

T
4

Therefore, by second derivative test, ¥ is a point of local maxima and the local

T

maximum value of & at = 4 is
T o s
h| — |=sin—+cos—
(4] 4 4

1

-7+
J2

-

(iv) f(x)=sinx-cosx,0<x<2x

Therefore,

S'(x)=cosx+sinx

Now,
f(x)=0
= cosx+sinx=0
= Sinx =—Cos X
= tanx =-1
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Also,

f"(x)=-sinx+cosx

Hence,

3

X =
Therefore, by second derivative test, [ 4 ) is a point of local maxima and the local

3T
maximum value of / at x—[ 4 ] is
_[3;?'[] i (3??] [BEJ
J| — |=sin| — |—cos| —
4 4 4
(&%)
=| —+ —
V2 2
=42

7%]
x=|—
However, [ 4 ) is a point of local minima and the local minimum value of ./

atx:[%r] is

%)) e(%)

{53
=2

(v) f(x):xJ —-6x* +9x+15

Therefore,
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(vi)
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f(x)=3x"-12x+9

=3x —12x+9=0
=3(x-1)(x-3)=0

f'(x)=6x-12

Now,
f'(x)=0
=e=1.3
Also,
Hence,
f(1)
J"(3)

6(3-2)=6>0

Therefore, by second derivative test, x =1 is a point of local maxima and the local

maximum value of /" at x=1 is
f(l)=1—6+9+15
=19

However, x =3 is a point of local minima and the local minimum value of /" at x=3 is

f(3)=27-54+27+15
=15

g(x):§+z,x>0
X

Therefore,
g'(x)
Now,
g'(x)
1
:> ——
2
2
=
o
=Sx=
=
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Since, x>0, we take x=2

Hence,

=—>0

Therefore, by second derivative test, x=2 is a point of local minima and the local
minimum value of & at x=2 is
2 2

s)=3+3

=1+1
=)

1

2 +2

iy £09)=

Therefore,

Now,

Now, for values close to x =0 and to the left of 0, 3r(x) >0

Also, for values close to x =0 and to the right of 0, gf(x) <0,
Therefore, by first derivative test, x =0 is a point of local maxima and the local maximum
value of

¢(0)-—

(viiiy /(x)=xv1-x,0<x<]

Therefore,
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Now,

Also,

Hence,
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Therefore, by second derivative test, g

. X=—.
maximum value of / at 3 1S

21 @
13)-50-3

Question 4:

Prove that the following functions do not have maxima or minima:

i Slx)=¢
(ii) g(x):logx
(i) h(x)=x"+x"+x+1

Now,
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(i)

(iii)

['(x)=0

=e =0

But the exponential function can never assume 0 for any value of X .

Therefore, there does not exist ¢ € R such that / (‘3) =0
Hence, function ./ does not have maxima or minima.
g (x) =log x

Therefore,

g'(x)=~

Since log x is defined for a positive number *:& (x)>0 gor any Y.

! o
Therefore, there does not exist ¢ € R such that & (C) =0,
Hence, function £ does not have maxima or minima.
h(x)=x'+x"+x+1

Therefore,
h'(x) =3x* +2x+1

Now,
h'(_x): 0
=3x* +2x+1=0
2222

6
~1++/2i

3

#R

Therefore, there does not exist ¢ € R such that W (c)= 0,

Hence, function # does not have maxima or minima.

Get More Learning Materials Here : & m

@’E www.studentbro.in


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

Question 5:
Find the absolute maximum value and the absolute minimum value of the following functions
in the given intervals:

(i) f(x)=x,xe|-2,2]

iy f(x)=

( ) 4:{——~x xe[ 22—}
J=

(x— ) +3, xe[ 3,1]

SINX+COSX xe[O ?r]

(iii)
(v) f(x

3

(i) The given function is J (¥)=%

Therefore,
F(x)=3"
Now,
f'(x)=0
=3x* =0

Then, we evaluate the value of ./ at critical point x =0 and at end points of the interval
[-2.2]
Therefore,
f (0) =0
f(-2)=(-2)

Hence, we can conclude that the absolute maximum value of /" on [_2’ 2]

at x=2.

1s 8 occurring

Also, the absolute minimum value of /" on [-2.2] is -8 occurring at x =-2.

(i) The given function is f(x)=sinx+cosx

Therefore,

S'(x)=cosx—sinx
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Now,
f'(x)=0
=>cosx—sinx=0
=8N X =CosXx
= tanx =1

b4
—X=—
4

T
Then, we evaluate the value of /* at critical point *74 and at the end points of the

J

interval [0’ r ] )
Therefore,

(5ol

1 2

A
=\2
£(0)=sin0+cos0
=0+1
=1
f(m)=sinz+cosm
=0-1
=-1

8

Hence, we can conclude that the absolute maximum value of / on [0’”] is V2
Vs

occurring at vy
Also, the absolute minimum value of ./ on [0’” ] is =1 occurring at X=7 .

Y _-I_ 2
(iii) The given function is Sx)=4x 2"

Therefore,

£/(x)=4-5(2%)
=4 —x

Now,
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(iv)

S'(x)=0
=4=x=0
=x=4

Then, we evaluate the value of / at critical point x =4 and at end points of the interval
)
2],

Therefore,
_)"(4):16—%(16)
=16-8

F(2)=-8-3(4)
=-8-2

=-10

9% .. 1[9Y¥
i :]8__ S
15)-15-3(3)
:1g_ﬂ
8
—18-10.125
=T7.R75

52

Hence, we can conclude that the absolute maximum value of /" on { ,2} 1s 8 occurring
at x=4.

=)
Also, the absolute minimum value of ./ on { 2] is -10 occurring at x =-2.

2

The given function is f(x)=(x-1)"+3

Therefore,
S'(x)=2(x-1)
Now,
f'(x)=0
= Z(x— ]) =)
=X =
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Then, we evaluate the value of /* at critical point x =1 and at end points of the interval
[31]

Hence, we can conclude that the absolute maximum value of ./ on [_3>1] is 19 occurring
at x=-3.

Also, the absolute minimum value of ./ on [_3’1] is 3 occurring at x =1.

Question 6:
Find the absolute maximum profit that a company can make, if the profit function is given by:

p(x)=41-24x-18x

2
The profit function is given as 7 (¥)=41-24x-18x

Therefore,
p'(x)=-24-36x
Now,
p'(x)=0
= 24-36x=0
24
= =
36
-2
=X =—
3
Also,
-2 .
"—1=-36<0
p(sj
2

o x=—= . . :
By second derivative test, 3 is the point of local maxima of 7 .

Therefore, maximum profit
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303

=41+16-8
=49

Hence, the maximum profit that the company can make is 49 units.

Question 7:
Find both the maximum value and the minimum value of 3x*—8x’ +12x*> —48x+25 on the

interval [0’ 3 ] .

Let J(x)=3x"-8x" +12x* —48x +25

Therefore,
f'(x)=12x"-24x" +24x- 48
=12(x* - 2x* +2x—4)
=12 #* (x-2)+2(x-2)
=12(x-2)(x* +2)
Now,
f'(x)=0
=>x-2=0
=Sa=12

Now, we evaluate the value of /* at critical point x =2 and at the end points of the interval
[0.3]
Therefore,
£(2)=3(2)"-8(2)" +12(2)* -48(2) +25
=48-64+48-96+25
=39
7(0)=3(0)"=8(0)" +12(0)" —48(0) +25
=25
£(3)=3(3)' -8(3)" +12(3)" -48(3)+ 25
=243-216+108 144+ 25
=16
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Hence, we can conclude that the absolute maximum value of / on [0’3] 1s 25 occurring

at x =0 and the absolute minimum value of /" at [0’3] is =39 occurring at x =2.

Question 8:

At what points in the interval [0.27] does the function sin2x attain its maximum value?

Let f(x) =sin 2x

Therefore,
S'(x)=2cos2x

Now,
f'(x)=0
=% 2¢0s2x =10
w 3z Snm In
:"zx:_r_n_:_
2 2 2 2
© 3t St Tn
:x=—9_:_3_
4 4 4 4

3t Sm I

., . . x J_)_ Zzm—y .
Now, we evaluate the value of / at critical point 4 4 4 and at the end points of

the interval [0> 2”] )
Therefore,

_f[%]:sin%zl
f[?%r =sin37ﬂ=—l
f[%r =sm5?ﬂ=l
j[%r =sin77ﬂ=—l
f(0)=sin0=0

I
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. : : x=—
Hence, we can conclude that the absolute maximum value of / on [0.27] occurring at 4

and 4 .

Question 9:
What is the maximum value of the function sinx +cosx ?

Let J(x)=sinx+cosx
Therefore,

S'(x)=cosx—sinx

Now,
f'(x)=0
= cosx—sinx=0
= Sinx =cosx

= tanx=1
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Hence,
S"(x)=-sinx—cosx

= —(sinx+cosx)

Now, / "(x) will be negative when (sinx+cosx) i positive i.e., when sinx and cosx are both
positive.

Also, we know that sinx and cosx both are positive in the first quadrant.

" xe [0, —]
Then, /" (¥) will be negative when 2).

Thus, we consider * 4
_f"[£)=—(sin£+cos£]
4 4 4

=—\/5<0

T

o : . X . .
By second derivative test, / will be the maximum at ~ 4 and the maximum value of / is

T I 4 T
— |=sin=+cos—
f[4] T

X_

1
V2

Il

o ol -

Question 10:

Find the maximum value of 2x® —24x+107 in the interval [1’3] . Find the maximum value of

the same function in [_3° _1] .

Let J(x)=2x—24x+107
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Therefore,
S'(x)=6x"-24
=6(x"-4)

Now,
f(x)=0
=6(x’-4)=0
=x'=4
o

We first consider the interval [:3]
Then, we evaluate the value of / at the critical point ¥ = 2€[1.3] and at the end points of the

interval [lv 3 ] .

Hence,
f(2)=2(2) -24(2)+107

=16-48+107
=75
f(1)=2(1) —24(1)+107
=2-24+107
=85
£(3)=2(3)"—24(3)+107
=54-72+107
=89

Thus, the absolute maximum value of / (%) in the interval [13] is 89 occurring at x=3.

Next, we first consider the interval [_3° _1] .

Then, we evaluate the value of / at the critical point ¥ = —2e [_3*_1] and at the end points of

the interval [_3’ - 1] .

Hence,
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7 (-3)=2(-3)" —24(-3)+107
=-54+72+107
=125

F(=1)=2(-1) -24(-1)+107
=-2+24+107
=129

f(=2)=2(-2)" -24(-2)+107
=-16+48+107
=139

Hence, the absolute maximum value of / (%) in the interval [_3= _1] 1s 139 occurring at x =-2

Question 11:
It is given that at x=1, the function x*—-62x’+ax+9 attains its maximum value, on the

interval [0=2] . Find the value of «a.

Let J(x)=x"-62x" +ax+9

Therefore,
_f'(x) =4x’ —124x+a

It is given that function / attains its maximum value on the interval [0.2] at x=1.
Hence,

f'(1)=0

=4x’ —124x+a=0
=>4-124+a=0
=-120+a=0
=a=120

Thus, the value of a=120.

Question 12:

Find the maximum and minimum values of x+sin2x on [0> 27 ]
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Let f(x)=x+sin2x

Therefore,
S'(x)=142cos2x

Now,
f'(x)=0
= 1+2cos2x=0

- T T 2r
= 082X =—=—C0S—=C0S| T —— |=COS—
2 3 3 3

:>2x=2mri%r [neZ]

:>x=mri% [neZ]

2r 4m Sxm
x PP e .
Then, we evaluate the value of ./ at critical points 3 3 3 and at the end points of

0,27]

A5H5) 3]

the interval [
Hence,
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f(0)=0+sin0
=0
f(2m)=2m +sin4n
=27 +0

=2

Hence, we can conclude that the absolute maximum value of f(x) in the interval [032” ] 1S

2r occurring at x =2z and the absolute minimum value of /(%) in the interval [0:27] is 0
occurring at x=0.

Question 13:
Find two numbers whose sum is 24 and whose product is as large as possible.

Let one number be x.

Then, the other number be (24-x)

Let P(%) denote the product of the two numbers.
Thus, we have:

P[x) = x(24—x)

=24x—x*
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Therefore,
P'(x)=24-2x
P'(x)=-2
Now,
P'(x)=0
=24-2x=0
=24=12x

=x=12

Also,
P'(12)=-2<0

By second derivative test, x =12 is the point of local maxima of P .

Thus, the numbers are 12 and (24-12)=12

Hence, the product of the numbers is the maximum when the numbers are 12 each.

Question 14:

Find two positive numbers x and ¥ such that x+y =60 and %’ is maximum.

The two numbers are x and » such that x+y =060

Therefore,
=y=60-x
Let, /(¥)=x
f(x)=x(60-x)’
Therefore,

S(x)= (60—x)] —3):(6'0—x)2
=(60-x)"[60-x-3x]
=(60-x)" (60-4x)

S"(x)=-2(60-x)(60 —4x)—4(60-x)°
=-2(60-x)[ 60— 4x+2(60-x) ]
= 2(60-x)(180—6x)
=-12(60-x)(30-x)
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Now,
S'(x)=0

=x=600rx=15

When, x =60
Then,

J"(x)=0

When, x=15
Then,

S"(x)=-12(60-15)(30-15)
=—12x45%x15<0

By second derivative test, x =15 is a point of local maxima of / .

Thus, function *° is maximum when x =15 and ¥y =60-15=45

Hence, the required numbers are 15 and 45.

Question 15:

Find two positive numbers x and » such that their sum is 35 and the product X'y s a
maximum.

Let one number be x.

Then, the other number is ¥V = (35-x).
Let P(-")=X2J’5

Then we have, P(x)=x"(35-x)

Therefore,
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P'(x)=2x(35-x)" -5x* (35-x)'
=x(35-x)'[2(35-x)-5x]
=x(35-x)" (70-7x)
=7x(35-x)" (10-x)

P"(x) =7(35-x)" (10~ x)+ 7x[ - (35-x)" =4 (35~ %)’ (10~}
=7(35-x)" (10— x)-7x(35-x)" ~28x(35-x)’ (10— x)
=7(35-x)" [(35-x) (10— x)-x(35-x)—-4x(10-x) ]
=7(35-x)’[350—45x+x* —35x+ x* — 40x + 4x° |

=7(35-x)’(6x* ~120x +350)

Now,
P(x]=10
=x=0,x=35x=10
When, x =35
Then,
P’(x) = P(x) =0
= y=35-35=0

This will make the product X'y’ equal to 0.

When, x=0
Then,
= y=35-0=35

This will make the product **»° equal to 0.

Hence, x=0 and x =35 cannot be the possible values of x.

When, x=10
Then,

P"(x)=7(35-10) (6x100-120x10 +350)
=7(25)' (-250)< 0

By second derivative test, (*) will be the maximum when x=10 and ¥=35-10=25

Hence, the required numbers are 10 and 25.
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Question 16:

Find two positive numbers whose sum is 16 and the sum of whose cubes is minimum.

Let one number be x.

Then, the other number be (16—x) .

Let the sum of the cubes of these numbers be denoted by S(x),

Then,
S(x)zxk+06—xf
Therefore,
S'(x)=3x*-3(16-x)’
S"(x)=6x+6(16-x)
Now,
S'(x)=0
=3x* -3(16-x) =0
= =(16-2)" =0
= x"-256—-x"+32x=0
256
=D X=—
32
==x=8
Also,

5"(8)=6(8)+6(16-8)
=48+ 48
=96>0

By second derivative test, x =8 is the point of local minima of §.

Thus, the numbers are 8 and (16-8)=8
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Hence, the sum of the cubes of the numbers is the minimum when the numbers are 8 each.

Question 17:

A square piece of tin of side 18cm is to be made into a box without top, by cutting a square
from each corner and folding up the flaps to form the box. What should be the side of the
square to be cut off so that the volume of the box is the maximum possible?

Let the side of the square to be cut off be x cm.

Then, the length and the breadth of the box will be (18=2x)em each and the height of the box

be x em.

Therefore, the volume ¥ (%) of the box is given by,
V(x)=x(18-2x)"

Hence,

V'(x)=(18-2x)" —4x(18—2x)
= (18-2x)[18~2x - 4x]
=(18-2x)(18-6x)
=6x2(9-x)(3-x)
=12(9-x)(3-x)

V' (x)=12(-9-x)(3-x)
=-12(9-x+3-x)
=-12(12-2x)
=-24(6-x)

Now,
V'(x)=0

=500 =0,%=3

If, x=9 then the length and the breadth will become 0.
Hence, x#9
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When, x=3
Then,
V"(3)=-24(6-3)
=-72<0

By second derivative test, x =3 is the point of local maxima of V.

Hence, if we remove a square of side 3cm from each corner of the square tin and make a box
from the remaining sheet, then the volume of the box obtained is the largest possible.

Question 18:

A rectangular sheet of tin 45¢m by 24cm is to be made into a box without top, by cutting off
square from each corner and folding up the flaps. What should be the side of the square to be
cut off so that the volume of the box is the maximum possible?

Let the side of the square to be cut off be x cm.

Then, the height of the box is x cm , the length is (43=2X)m and the breadth is (24—2x)cm

Therefore, the volume ¥ (%) of the box is given by,

V(x)=x(45-2x)(24-2x)
= x(1080—90x - 48x+4x )
= 42’ ~138x% +1080x

Hence,

V'(x)=12x*—276x+1080
=12(x = 23x+90)
=12(x-18)(x-5)

V'(x)=24x-276
=12(2x-23)

Now,
V'(x)= 0

=x=18x=5

It is not possible to cut off a square of side 18¢m from each corner of the rectangular sheet.
Thus, x cannot be equal to 18.
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When, x=35

Then,

V' (5)=12(2(5)-23)
12(10-23)
12(-13)

=—156<0

By second derivative test, x=35 is the point of local maxima.

Hence, the side of the square to be cut off to make the volume of the box maximum possible
is Scm.

Question 19:

Show that of all the rectangles inscribed in a given fixed circle, the square has the maximum
area.

Let a rectangle of length / and breadth b be inscribed in the given circle of radius a.

Then, the diagonal passes through the centre and is of length 2a cm .

il

Now, by applying the Pythagoras theorem, we have:
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(2a)" =1* +5?

=b>=4a* -1

=b=+4a’ -1’
Area of triangle, 4 =[4a* —I*
Therefore,
dA 2 2 l
—=Nda*-I* +1 (—-21)
d 2J4a* - I
—Vaa -
4a* -I*
_ 4a* -2I*
Vda* -1
2 a2 2 T g)
 N4dr -1 (-41)-(4a> - 21 )
d4_ (=4) ( )2x/4ar2 =
dr’ 4q° -
(4a° ~1?)(-41) +1(4a* - 1)
(40> - 1)
_—12a%1 428
— &
(4.::2 -r )5
~21(6a*-1)
=
(ffla2 =i )5
Now,
a_,
dl
Hence,
- 4a* - 2I* o
Vda®-I*
= 4q’ =2I°
=1=2a
Thus,
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=+/2a"
=2a
When, [ =+/2a
Then,
a*4 2(V2a)(6a’ -24%)
d* 224>
_ —Sﬁcf
2\/!5(13
=—4<0

By the second derivative test, when /= V2a , then the area of the rectangle is the maximum.

Since, / =b=+/2a the rectangle is a square.

Hence, it has been proved that of all the rectangles inscribed in the given fixed circle, the
square has the maximum area.

Question 20:
Show that the right circular cylinder of given surface and maximum volume is such that is
heights is equal to the diameter of the base.

Let 7 and & be the radius and height of the cylinder respectively.

Then, the surface area (S) of the cylinder is given by,

S =2xr*+2rrh

Therefore,
B S—2mr*
2nr

43

Let V' be the volume of the cylinder.

h

Then,

Get More Learning Materials Here : & m @&\ www.studentbro.in


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

S
2
v = 2 3nr’
dr 2
Xy
4 — = —6mr
dar”
Now,
dv
B
dr
= ——3zr =
= = =37’
, S
e
61
, S
re=—
When, 61
Then,
y
“ 3 =—67r[1’i}<0
r (%4
a5
By second derivative test, the volume is the maximum when 67 .
oS
Now, when 61 ,
Then,

b7 (lj_r
2z \r

=3r—r
=2

Hence, the volume is the maximum when the height is twice the radius i.e., when the height is
equal to the diameter.
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Question 21:
Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic centimeters,
find the dimensions of the can which has the minimum surface area?

Let 7 and % be the radius and height of the cylinder respectively.

Then, volume () of the cylinder is given by,

V=nr*h=100
L p 100
Tr

S) is given by:

S =2nr’+2nrh

=25r" +@

Surface area (

Hence,

Now,

:‘.>4?IF—@:0

ﬁ4m‘=@

L 20050
47 T

(2

=%

2}
When, T

Then,
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By second derivative test, the surface area is the minimum when the radius of the cylinder is

1
)
— | cm
}T .

2]

Hence, the required dimensions of the can which has the minimum surface area is given by

1 1
[50 ]3 [50]5
— | em 2l — | em
radius \ 7 and height \ 7

Question 22:

A wire of length 28m 1s to be cut into two pieces. One of the pieces is to be made into a square
and the other into a circle. What should be the length of the two pieces so that the combined
area of the square and the circle is minimum?

Let a piece of length / be cut from the given wire to make a square.

Then, the other piece of wire to be made into a circle is of length (28-1)m
L
Now, side of square is 4

Let 7 be the radius of the circle.

Then,
2rr=28-1
!
r=—oy(28-1
S F=g ( )
The combined areas of the square and the circle, (4) is given by,
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A= ( side of the square )2 +rr’

P | 2

— — (281
16+n[2ﬁr( )}
I’ 1 2

=—+—(28-1)
16+4?1'( )

Hence,

d4_ 20 2
N O (|
a 16 a7 (B0

1 1
=———-/|(28-1
8 2::?( )

a4 1 1
—=—+—>0
di* 8 2n

Now,
d’ A

dl’

[
———{(28-1)=0
28 2?1'( )

_, ml-4(28-1)
87
= (7 +4)I—l]2=0
112

J=—1+

T+4

=0

)12
When, T+4
Then,
d* A
dr

>0

112
. ) .. [= m
By second derivative test, the area (4) is the minimum when 7 +4

Hence, the combined area is the minimum when the length of the wire in making the square is
112 112 W _ 28

28— =
z+4 " while the length of the wire in making the circle is [ r+4)

T+4
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Question 23:
8

Prove that the volume of the largest cone that can be inscribed in a sphere of radius R is 27 of
the volume of the sphere.

Let 7 and 4 be the radius and height of the cone respectively inscribed in a sphere of radius R.

Let ¥V be the volume of the cone.

1,
V==nrh
Then, 3

Height of the cone is given by,

h=R+ AB
=R+R*—# [ABC is a right triangle]
Hence,
V=%7rr2 (R+\:’R2 —rz)
= lﬂ'rlR‘flﬁe‘”z R* =4
3 3
Therefore,
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7 R —»
3
=—E1R+Eﬁf‘vﬁ’2—r2 —l?r !
3 3 3 JR*—p?
2rr(R* -1 )—nr’
—zm'}i+ ( )q
R -
DI 3
zzirrR+ 2z rR° =31
3 3R -7
"%y TR 2 sy (27)
5 NR =r (Z?IR" —9Irr')—(2ﬁrf:1?* =3xr )———
v _2 6VR? —r?
~=—nR+ SR
dr* 3 IR —~#)
IR* =1 )27 R* =9 #* Y+ 22 +°R* + 314"
2 200 )
' 27(R*-r*)?
Now,
¥ &
dr
I — 2nrR* =3nr 5
3 3WR = r
2 3nr -2nrR®
= —grR=———
3R —#?
2_1) 2
i u
VR =7
= 2RVR*—-r* =3r* -2R?
= 4R (R —r?) = (3r* —2R*)’
= 4R — 4R P =9 +4R* 1217 R’
= Or* =8R*r*
= =§R2
9
2 8 b
r°=—R"
When, 9
V
d—z <0
Then, dr
r? —§R2
By second derivative test, the volume of the cone is the maximum when 9
> 8 .,
rt=—
When, 9
Then,
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Therefore,

V=

8
= (Volume of sphere)

8

Hence, the volume of the largest cone that can be inscribed in the sphere is 27 the volume of
the sphere.

Question 24:
Show that the right circular cone of least curved surface and given volume has an altitude equal

to v/2 time the radius of the base.

Let 7 and % be the radius and height of the cone, respectively.
Then, the volume (7) of the cone is given by,
v=Ltavs
3

E4

2
nr

= h=

The surface area () of the cone is given by,
S =nrrl, where [ is the slant height

Hence,
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S=nryri+h’

5 .
T\ r" +——
Tr

Nt +9r?

B

T

= l\jﬂ.'zrﬁ +9p?

»

Therefore,
2iS,
. _6;frr /it + 91?2

as _ oNmr 49V’
dr r?

N 3nir® — it —9p?

P \Xfrzrf’ +9)2
B 2738 —9p?
PN+ 9p?
Now,

d.
LA
dr

277 —9p?
= — ==0

r“\/;rrzrﬁ +9)-
=278 =9)*

¢ 9?7
=>r =—7

27

Thus, it can be easily verified that when

e 9y?
When, 2n’
Then,
-
Tr
1
2.6 2
_ [ 21’y 2)
wre 9
_i Ny T
ol 3
=2r
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Hence, for a given volume, the right circular cone of the least curved surface has an altitude

equal to V2 times the radius of the base.

Question 25:
Show that the semi-vertical angle of the cone of the maximum volume and of given slant height

is tan”' 2
Let 0 be the semi-vertical angle of the cone.

_ 0e [O,E}
It is clear that 2.

Let 7" and ! be the radius, height, and the slant height of the cone respectively.

The slant height of the cone is given as constant.

fi

i !

Now, 7=Isinf and h=I1cos0

The volume () of the cone is given by,

1,
V=—mrh
3

= %n’(!g sin® 0)(1 cos0)

= %m’} sin” @ cos@

Therefore,
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3
% = %[sinz 6 (—sin@)+cosO (2sin O cosﬁ)l

= ﬂ[—sin"’ 0 +2sin 0 cos "9]
3

ZV % ) . i
j’@z = % —3sin?6 cosB + 2 cos’ @ — 4sin*0 CDSQJ

P 3 y
= H—[Zcos“ 8 —7sin’0 cos@]
3
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Now,

¥ _s
do
?1'33 . 3 . 3
= [—sm 6 +2sinf cos 91=0

= sin’ @ = 2sin0 cos’0
=tan’0=2

= tanf =2
=6=tan"'2

When, 6 =tan"'+/2
Then, tan*@ =2 or sin’@ =2cos’6 .

Hence, we have:

v =l
_ = E—[ZCOS39 —1400539]
de- 3

T

[3
- [—]2cos38]

=47l cos’0<0 ¥V @ e[o.ﬂ

By second derivative test, the volume (¥) is the maximum when 0 = tan™’ J2.

Hence, for a given slant height, the semi-vertical angle of the cone of the maximum volume

is tan"' /2 .

Question 26:
Show that semi-vertical angle of right circular cone of given surface area and maximum

‘ Sin"(lj
volume is 3}

Let 7 be the radius, / be the slant height and % be the height of the cone of given surface area
A

Also, let o be the semi-vertical angle of the cone.
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o
M
AN— o ——%
Then,
S=nrl+nr’
S—nr’
= ol
= Ty ( )
Let V' be the volume of the cone.
Then
V—l?rrqh
3
2 l 2 432
Vei=—=mr'h
9
zln214(12—}2) [ }::},2+h2]
:iﬂqr-i [S—?Tr‘ _ ‘!]
9 TF
:l:frzﬁ (S—nri):—rrzrq
9 T
l 2 - 5
— S“—2S -
9r ( Tr )
PO 5
V":_b“u S"—2 = - 2
5 ¥ ( Tr ) ( )

Differentiating (2) with respect to », we get

o2V lS(25r—8m~3)
9

r

av
For maximum or minimum, put dr
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] wiiae 3
:55(2,Sr-—8:'rr )=0

= 28r -8z =0 [ S # O]
= 8§ =47)° [ r=0]
g 8
= rt=—
47

Differentiating again with respect to 7, we get

) 2
9V o ) Ls(25-24207)
dr dr 9

2V

2 ot
N f:is[zs—zzmx . J
dr 9 4
v _1
dr* 9
aV__2g o
dr” 9
Thus, ¥ is maximum when S =47r>.

=

S(25-65)

o 2

Therefore,
S=nrl+mr
— 4xr’ = grl + 7’

= 37r’ = vl

=[=3r

Now, in ACOB,

: OB
sing =—
BC

v\-u.._‘l‘h:‘

. _,[1]
o =S1n —
3

Question 27:

The point on the curve x* =2y which is nearest to the point (0.5) is

(A) (2v2.4) (B) (2v2.0) (©) (0,0) ) (2.2)
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The given curve is *° =2y

xX,—

xl
For each value of x, the position of the point will be ( 2 ]

2

%)
Let 2 ) and 4(0.5) are the given points.

Now distance between the points P and A is given by,

iPA—J(x~O)2 +(1;--5T

) 2
:PAZ:(x~O)2+{%—5]

)
:>PA1:x2+%~+25—5x2

4

:>PA1:%—4J:2+25

= PA =y’ -8y+25 ( x’ =2y)
Let us denote P4* by Z

Then, Z=y" -8y +25

Differentiating both sides with respect to v, we get
i 2y-8
dy

For maxima or minima, we have
az _,
dy
=2y-8=0
=2y=8
= y=4

Also,

Now,
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2
[d i} =2>0
dy y=4

=>x" =2y

= x>=2x4

= x’ =8

= x=i2\/5

2\/5’4) or (_2‘5’4)

So, Z is minimum at (

(2v2,4) . (-2v2.4)

2 . ..
Or, PA” is minimum at or

(2v2,4) , (-242.4)

Or, P4 is minimum at

2

X

Pl x,—
So, distance between the points [ 2 } and 4(0-5) is minimum at (2\5’4) or (_2‘5’4).

Thus, the correct option is A.

Question 28:
1-x+x
For all real values of x, the minimum value of 1+ x+x* is

1
(A) 0 (B) | (C) 3 D) 3

1-x+x?
(¥)=—"3=

Let x4 x

Therefore,
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(1 +Xx +x3)(—l + Zx) —(l —x+x2)(l +2x)

7x)= (1+x+,\cz)2
=14 2x—x+2x7 —x*+2x° —1-2x+x+2x" —x* - 2x°
- (l+,\r+,=:2)2
3 2x* -2
- (1+)c+)c3)3
2(x*-1)
- (l+x+xz)2
Now,
f'(x)=0
= x’ =1
= g
Also,
2[(1+x+x?)2(2x)—(x1—1)(2)(1+x+x3)(1+2x)]
f'(x)= =
(1+x+x‘]
_4(1+r+x3)[(]+x+r3)x—(x3—1)(1+2x):[
(]+:vc-i~x2)4
_4[x+xt 42 —x* 20 +14+2x |
(l+x+x3);
_4(1+3x-x)
(l+x+x3)3
Hence,
41431
)= (1(+1+1)3)
4(3)
NEjJ
-
27
=g>0
Also,
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L 4(1-3-1)
f (—1)—m

~4(-1)

=—4 <0

By second derivative test, / is the minimum at x=1 and the minimum value is given by,

‘f0)=1_1+1

1+1+1

Thus, the correct option is D.

Question 29:

1
The maximum value of [x(x_ 1)+ 1]3 0=x<1 g

1} !
(A) [3J (B) 2 ©) 1 (D) 0

Let _f(x)z[x(x-l)nﬁ

Therefore,
4 2x-1
f'(x)= ;
3[x(x—l}+l]3
Now,
Sf'(x)=0
1
= x=—
2

1

. L X== : :
Then, we evaluate the value of / at critical point 2 and at the end points of the interval

[0,1] 1e,at x=0 and x=1.
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f(o)=[0(0—1)+1]%

=1

f(l):[1(1—1)+1]-§
=1

GREON
-]

Hence, we can conclude that the maximum value of / in the interval [0= 1] is 1.

Thus, the correct option is C.
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MISCELLANEOUS EXERCISE

Question 1:

Using differentials, find the approximate value of each of the following.

o (&)

(ii) (33)75

17 i
(i) [ﬁj
Consider V= (x);i'

x:E Ax I
Let 81 and 81

Then,

Ay =(x+ Ax)—*ll —(x)s

1
B E 4_(]_6 4
81 81

17y _2

81 3

|-

B
81

2
—+A
3 Y

Now, 4V is approximately equal to A and is given by,
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Hence,

I
GET=3+&MO
31) 3

=0.667+0.010
=0.677

1

_ [ET =0.677
Thus, the approximate value of \ 81 .

(ii) (33)_-ls

Consider ¥ =(x)3
Let x=32 and Ax=1

Then,

1
SHap=(33)

Now, 4V is approximately equal to A and is given by,
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Hence,
1
(33) =%+(-0.003)

=0.5-0.003
=(.497

.|
Thus, the approximate value of (33)5=0.497

Question 2:

. log x
: : x)= :
Show that the function given by - (x) x has maximum at x=e.

. (x) _logx
The given function is x
Therefore,

Now,
f'(x)=0
= 1-logx=0
= logx=1
= logx =loge
= Xx=¢€

Also,
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1

xz[— -]-(1_logx)(zx)

X

£1(x)=
~ —x—2x(1-logx)
= =
_—3+2logx
=
Now,
; -3+2lo
fle)= =50k
e
—3+2
=~—31 <0

e

Therefore, by second derivative test, / is the maximum at x=e.

Question 3:

The two equal sides of an isosceles triangle with fixed base b are decreasing at the rate of 3
cm per second. How fast is the area decreasing when the two equal sides are equal to the base?

Let AABC be isosceles where BC is the base of fixed length 5.

Also, let the length of the two equal sides of A4BC be a.
Draw 4D L BC.

D

rafa

taf
]

Now, in AADC, by applying the Pythagoras theorem, we have:

AD = ,]cf .
4

Area of triangle,
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The rate of change of the area with respect to time (t) is given by,

dA_1, 2 da
dt 2 | 2 dt
2 az-b—
4
ab da

~Jag b dt

It is given that the two equal sides of the triangle are decreasing at the rate of 3cm per second.

Therefore,
da

—=-3cm/s
dt

Hence,
dA —3ab
—_—
dt da® - b’

When, a =b we have:

a3
dt J4a* —p?
3
N
= —/3b

Hence, if the two equal sides are equal to the base, then the area of the triangle is decreasing
at the rate of —/3bcm® /s .

Question 4:

Find the equation of the normal to curve ¥* =4x at the point (1.2).

The equation of the given curve is »* = 4x

Differentiating with respect to x, we have:

Get More Learning Materials Here : & m @&\ www.studentbro.in


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

2ya=4
dy 4
dx 2y
dy 2
cix_;
j@} =E=1
dx (12) 2

Now, the slope of the normal at point (1.2) is

= I

éz} 1
dx J

Equation of the normal at (1.2) is
= y-2=-x+1

=x+y-3=0

Question 5:

Show that the normal at any point 0 to the curve x=acos@ +alsin@, ¥ =asind —ab coso is at
a constant distance from the origin.

We have x =acosO+alsin0
Therefore,

ﬁ:—cgsin9+a5in9+a90059
do

=afcosh

Also, y=asinf—af cosO

Hence,
ﬁf~Ji:accssé?—cxcoséi+at§"cost9
do
=afcosh
Thus,
dv_dv do
dx dO dx
_afsinf
af cosB
=tanf@

Get More Learning Materials Here : & m @&\ www.studentbro.in


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

-1
Slope of the normal at any point 0 is tan@ .

The equation of the normal at a given point (%) is given by,
-1
tan 0

y—asin +af cosf = (x—acos —ab sin6)

= psinO —asin® @ + ab sin O cosO = —x cosO +a cos’ @ +ab sinO cos O
= xc0s60 + ysinf —a(sin’ 6 +cos’ 0) =0

= xcos6@ +ysinf—-a=0

Now, the perpendicular distance of the normal from the origin is

ol el

a
Jeos?6+sin9 V1 , which is independent of 0

Hence, the perpendicular distance of the normal from the origin is constant.

Question 6:

oy 4sinx—2x—xcosx
Find the intervals in which the function / given by (x)= 2+ cos x 1s
(i) Increasing

(i) Decreasing

( ) 4sinx—2x—xcosx
X —

We have 2+cosx
Hence,

/()

- (2+cos.r.)(4cos x=2 -cosx+xsinx)-(4sinx-« 2x—xc08 x)(wsinx)

(2+cosx)2

- 2 F - - 3 - -
_6cosx—4+2xsinx+3cos" x—2cosx+xsmxcosx+4smn” x—2xs1mn X — XSINXCOSX

(2+cosx)2
_4cosx—-4+ 3cos’ x +4sin’ x
(2+c:cosx)2

_4cosx—4+3cos’ x+4—-4cos’ x

(2+cos x):

2
_4cosx—cos"x

(2 + CcOSs x)z
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cos x(4—cos x)

£(x)=

(2 -H:os;vc]2

Now,
Sf'(x)=0

=cosxy=0or cosx=4

But cosx# 4

Hence,
cosx=0
n 3w
= X=—,—
2°2
T 3 T T 3w
X=-= X=— D) (0 2:&-)- c e . . L i e
Now, 2 and 2 divide \%»<7 Jinto three disjoint intervals i.e., 2),\2 2 ) and

(05) na (27
In intervals, \ 2/ and \ 2’ ,f'(x)>0

Thus, f(x) s increasing for ! 2 and 2

5%)
In the interval L2~ 2 /| J'(x)<0

LI
Thus, / (x) is decreasing for 2

Question 7:

Find the intervals in which the function / given by
(i) Increasing
(i) Decreasing

We have 'f(x):x‘ +x_

Therefore,
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r ot 2__'3_
fi(x)=3x% i

_3x°-3

4
X

Now,
f(x)=0
=3x*-3=0
=g =1
Tt |

Now, the points x =1 and x=-1 divide the real line into three disjoint intervals i.e., (—o0,—1) ,
(-L1) and (1)

In intervals (—~1) and (1) i.e., when x<-1 and x>1, J'(x)>0

Thus, when x<-1 and x>1, f is increasing.

In interval (—1.1) i.e., when —-1<x<1, f'(x)<0,

Thus, when —1<x<1, [ is decreasing.

Question 8:

2 2

F Y
. . . . . . . . it = cq
Find the maximum area of an isosceles triangle inscribed in the ellipse a® 5’ with its
vertex at one end of the major axis.
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el
. =

X ¥y
: o =]
The given ellipse is a® b*
Let the major axis be along the x-axis.

Let ABC be the triangle inscribed in the ellipse where vertex C is at (a,0),

Since the ellipse is symmetrical with respect to the x-axis and y-axis, we can assume the

coordinates of A to be (_xny |) and the coordinates of B to be (—x, e |)

W= iédag —;'c,3

Now, we have a
Coordinates of A are a

the coordinates of B are ( a

As the point (%1:1) lies on the ellipse, the area of triangle ABC (4) is given by,

A=—
2

Therefore,
d__ b b
dx,  2a*-x @
:L[—x,a-{-(az-
aya' - x’
b(-2x} -xa+a*)
- a\/az—xll
d_,
Now, dx,
Hence,
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= 2x’—xa+a’ =0

_az @ -4(2)(a)

=& =
| 2(-2)
a++94’
=% =
-4
atla
=X =
-4
a
= xi =—-q,—
2
But X, #—a
Therefore,
a
X ==
2
bl
Y P 2
bﬂ‘ \/—
=—n/3
2a
_\3b
2
Now,

b (aﬂ _xlz)(_%ﬁ -ﬂ)+.1‘, (--2.7:,3 —x1a+a2)

b|2x}-3a’x-a’

a 2 2);
(a _xl)“

(SR IENY

Also, when, *
Then,
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-3
&4 b 2[2 ]_302[;]_03

dx” a

1]
Q| %
N
TN
NS
[
b S
(=]

: : x
Thus, the area is the maximum when = 2 .
Hence, Maximum area of the triangle is given by,

Jg [a}b an
:a‘b— —_— | — —
2 2)a 2
_abJ§+abJ§
2 4
=§i§ab
4

Question 9:
A tank with rectangular base and rectangular sides, open at the top is to be constructed so that

its depth is 2m and volume is 8m’ . If building of tank costs X 70 per sq. meters for the base
and X 45 per square metres for sides. What is the cost of least expensive tank?

Let I, b and & represent the length, breadth, and height of the tank respectively.

Then, we have height, 7 =2m and volume of the tank, V" =8m’

Volume of the tank
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V =1bh
= 8=Ixhx2
=[h=4

:>£:u=i
[

Now, area of the base, /b=4

Area of the 4 walls,
A=2h(l+b)

e

Hence,

e

dl ?
Now,

0

dl

== (J —i,,] =0

!;
= =4
] =

However, the length cannot be negative.

Therefore, we have /=4

Hence,
p=2
[
_4
2
=2
Now,
d’4_32
d? P
When, /=2
Then,
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Thus, by second derivative test, the area is the minimum when /=2
Wehave I=b=h=2
Therefore,

Cost of building the base in X is
70x(Ih) =70(4)
=2K0

Cost of building the walls in X is
2h(1+b)x45=2x2(2+2)x45
=720

Required total cost is X is
280+720=1000

Thus, the total cost of the tank will be X 1000.

Question 10:

The sum of the perimeter of a circle and square is & , where & is some constant. Prove that the
sum of their areas is least when the side of square is double the radius of the circle.

Let 7 be the radius of the circle and @ be the side of the square.

Then, we have:
2rr+da=k

k—2rxr
=a=

The sum of the areas of the circle and the square (4) is given by,
A=nr*+a’
N (k == 2??;*)2
=qr'+—"

16

Hence,
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dA 2(k-2ar)(-27)

—=2nr+

dr 16

e rt(k = 2m‘)

Now,
dd_
dr

0

zanm—_—n(k_Z?W}z(}
7 (k—2mr)
4
=S 8r=k—-2nr
= (8+27)r=k
.
(8+2;n:)
k
“2(4+1)

=2nr =

=r
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Hence, it has been proved that the sum of their areas is least when the side of the square is
double the radius of the circle.

Question 11:
A window is in the form of rectangle surmounted by a semicircular opening. The total

perimeter of the window is 10m. Find the dimensions of the window to admit maximum light
through the whole opening.

Let x and ¥ be the length and breadth of the rectangular window.
i
Radius of the semicircular opening be 2

It is given that the perimeter of the window is 10m:.

Therefore,

TxX
x+2y+—=10
5y
:>x[l+%]+2y=10
:>2y=10—x[1+%j

|
=>y=5-x E+Z

Area of the window (4) is given by,

A:WE[EJ
T2\ 2

Therefore,
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Now,

20
When, = m+4
d’ A
Then, dx’

<0

20
. . m
Therefore, by second derivative test, the area is the maximum when length is 7 +4

Now,
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Hence, the required dimensions of the window to admit maximum light is given by length
20 10
m m
n+4 andbreadth 7 +4 .

Question 12:
A point on the hypotenuse of a triangle is at distance a and b from the sides of the triangle.

= 2
a’+b

| L

Show that the minimum length of the hypotenuse is [

Let AABC be right-angled at B, AB=x, BC=y and £C=0.

Also, let P be a point on the hypotenuse of the triangle such that P is at a distance of @ and &
from the sides AB and BC respectively.

A
g P
il
h_
[
B i
We have, 4C= Jxt+y?
Now,
PC =bcosect
AP = asecf)
Hence,
AC = AP+ PC
AC =b cosec +asecO (1)
Therefore,
d(AC
(a‘ﬁ ) =—b cosecOcot 0+ asech tanf
Now,
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d(AC)

il i

do
= —b cosecBcotl +asecftan@ =0

= asecOtan0 = b cosecO cotl
a sin@ b cosO
cosO cos@ sin@ sin0

= asin’ 0 =bcos’ 0

1 |
= (a)3sin@ = (b)3 cosb

= tanf = [ET
a

Thus,

(o) (o)

cosf =

sinf = —— S —
2 2 2 2
Va? +b3 and a’ + b3

d*(AC

S

3
<0 tan@ = [—]
It can be clearly shown that ~ d0°* , when a) .

1

3
tanf = [—]
By second derivative test the length of the hypotenuse is the maximum when a

tan = [—]
When, a) , we have:

\/ 2 2 \/ ] 2
Na’+b* aNa’ +b?
= 1 * [
(2)? (a)?
\/ﬁ 2 2
= a3+b3[b-"+a3J

3

2 2z

AC

Thus, the maximum length of the hypotenuses is [

Question 13:

[ Using (1) and (2)]

3
2 233
a’+b?
proved.

. 3
Find the points at which the function / given by ./ (x)=(x- 2)4 (x+1) has
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(i) local maxima
(i) local minima
(i) point of inflexion

4 3

The given function is / (x)=(x-2) (x+1)

Thereofore,
f(%)=4(x=2) (x+1)’ +3(x+1)’ (x-2)"
=(x=2) (x+1)°[4(x+1)+3(x-2)]
=(x-2)" (x+1)" (7x-2)
Now,

2 2, £'(x)>0
For values of x close to 7 and to the left of 7™

2 2
Also, for values of x close to 7 and to the right of 77

f'(x)<0

2
7

X
Thus, is the point of local maxima.

Now, for values of x close to 2 and to the left of 2./ ’(x ) <0
Also, for values of x close to 2 and to the right of 2,f'(x)>0

Thus, x=2 is the point of local minima.

Now, as the value of x varies through —1, J"(x) does not change its sign.

Thus, x=-1 is the point of inflexion.

Question 14:

Find the absolute maximum and minimum values of the function f given by

S(x)=cos’ x+sinx,xe[0,7]
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We have f()) =cos’ x+sinx

Therefore,
f'(x)=2cosx(—sinx)+cosx

=-28inxcosx+Ccosx

Now,
/(x)=0
= —-2sinxcosx+cosx =0
= COSX =25INXCOSX

= cosx(2sinx—1)=0
; 1
:smsz or cosx=0

:>x=%0r v xe0m]

| A

T T
62

. o X . :
Now, evaluating the value of / at critical points and at the end points of the interval

[0,7] ie.,at x=0 and x=m, we have:

(5l ofe)

BY
5
o
4
7(0) =cos*(0)+sin(0)
=1+0
=1
f(m)=cos*(r)+sin(7)
=(-1)"+0
=1

(5)(z)=()

=0+1
=1
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5 ha
. .= . x=— ..
Hence, the absolute maximum value of / is 4 occurring at 6 and the absolute minimum
x=0 £ [
value of / is 1 occurring at "2°

Question 15:
Show that the altitude of the right circular cone of maximum volume that can be inscribed in

4r
a sphere of radius 7 is 3 .

A sphere of fixed radius (r) is given.
Let R and & be the radius and the height of the cone respectively.

The volume (V') of the cone is given by

vV :l:rrth
3

Now, from the right ABCD, we have:
BC =~r*-R?
=h=r+\Jr'—R*

Hence,
% =%m{'2 (r+\/r2 —Rz]
=%nR3r+%EREW‘I -R?
Therefore,
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d—V'—"Eﬂ'Rr+ ER’R r’—R + iz (3 (_QR)

dR 3 3 3 2P -R?
ERR
3Wrl-R?

27R(r* -R*)-nR’
=27rRr+ : (r - )q =
3 3V - R?

2 2 Rr’ =37 R’

=—nRr+
RV <

IEERF+%ER rP—R? -
3 3

Now,
dV

dR?

2nRr* =31 R _0
N
— 2 Rr _ 3rR =21 Rr?
3 Wr-R
= 2rVrP = R* =3R* =217
= 47 (' -R*) = (3R -2r*)’
= 4r' —4r*R* =9R* +4r* - 12R*/?
=9IR*-8r'R* =0
=5 BR%=8r"

:Rz—ﬁ

:>grr!€r+
3

Also,

. 2 1
3Nr =R (2777 =97 R*) — (22 R =32 R*)(—6R) — ——
d2V _2;”*+ r ( Tr T ] ( Thnr T )( )2 ',-2_1.32

dr* 3 9(r’ - R?)

3Vr? = R* (27r* -9nR?) +(27 Rr? -3::}'@-‘](3}2))*2
_ r-—R
- N 9(r*-R?)

R =
When, 9

R = ﬁ
Thus, the volume is the maximum when 9 .
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Then, height of the cone

Hence, it can be seen that the altitude of the right circular cone of maximum volume that can
4r
be inscribed in a sphere of radius 3 .

Question 16:
Let / be a function defined on [%?] such that /(x)> 0 for all ¥€(4:5) Then prove that f
is an increasing function on (a.b).
Let *»% €(@.0) such that % > %,
Consider the sub-interval [%:%:]
Since /(%) is differentiable on (@:2) and [%-%.]=(a.b).
Therefore, / (%) is continuous on [*>*:] and differentiable on (¥i+%:).
By the Lagrange's mean value theorem, there exists ¢ < (*12%) such that
. f‘ X, F.f X

Xi=,

Since, J'(x)>0 gor a1 x€(a.0) , SO in particular,
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>0 [Using (I)J

Since, - X, are arbitrary points in (ab),

Therefore, X <% = (%)< S (%) forall X% €(a.b),

Hence, / (%) is increasing on (a.b)

Question 17:

Show that the height of the cylinder of maximum volume that can be inscribed in a sphere of
2R

radius R is V3 . Also find the maximum volume.

A sphere of fixed radius (R) is given.

Let ¥ and / be the radius and the height of the cylinder respectively.

S

From the given figure, we have 7 =2+VR* —»°

The volume (V) of the cylinder is given by,

Get More Learning Materials Here : & m @&\ www.studentbro.in


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

V=nrh

=27’ R —#°

Therefore,
V=nrh=2xr’VR> - r’
271 (=2r
ﬂ: 47”‘1“"}?2 _r?' +M
dr INR —r?
PP o YL
VR =¥
Arry R*—r* =2mr’
\/Rz i
B Az rR? — 611}
Now,
av_o
dr
4grR? —67r° _0
R? -2
= 47rR* =671
s IR
=pt =
3
Also,
VR —#? (él:trR2 —18‘»:”2)—(4?1%‘22 —67rr3) (-2r)
d’v WR =1
dr (R*-r?)
(Rz —rz)(élrrRz —187rr2)+r[47rrH"’ —671';"“)
- 3
(R*-r)
(4:71?“ —2ar*R*+12nrt + 4:?#21{'2)
(-1
rl= E = d <0
Now, it can be observed that at 3, dr
2 2R
Thus, the volume is the maximum when 3
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i
When, 3

Then, the height of the cylinder is

2 2
2,|R? - 2R =2,/R—
3 3

2R

3
2R

Hence, the volume of the cylinder is the maximum when the height of the cylinder is 3

Question 18:
Show that height of the cylinder of greatest volume which can be inscribed in a right circular

cone of height # and semi vertical angle « is one-third that of the cone and the greatest volume

4 3 2
. . —rmh'tan" «
of cylinder is 27 .

The given right circular cone of fixed height # and semi-vertical angle o can be drawn as:
A

§]

Here, a cylinder of radius R and height # is inscribed in the cone.
Then, £GAO =0, OG=r, OA=h, OE =R and CE =H .
We have, r=htana

Now, since AAOG 1is similar to ACEG , we have:
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40 _CE

OG EG
=1 BN [ EG=0G-0E]
r r—R
h
:>H:—(r—R)
¥
h
e = (htano —R)
htana
S H=— (htana — R)
tanry

Now, the volume () of the cylinder is given by,
V=nR’H
TR

= ht —d&
tana( Rt-&)

R’
tan o

= R*h—
Therefore,

d—;’=2ﬂRh—3rR-

d tan o
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Now,
v _,
dR

= 0nRh - g

tana
37 R’
tana
= 2htana =3R

= 2rRh=

:>R=gtan(x

Also
2
bV _ gy SEE
R- tan
R= 2—k tan o
For 3 , we have:
5 2h
s Z =2rh- L (—tanaj
dR tanor \ 3
=2rh—4nh
=-2mh<0
2h
o ) . R=—tana
By second derivative test, the volume of the cylinder is the greatest when 3
R= 2—h tan o
When, 3
Then,
H= (htana—%tana]
tano 3
o [ktan a J
tana 3
_#
i

Thus, the height of the cylinder is one-third the height of the cone when the volume of the
cylinder is the greatest.

Thus, the maximum volume of the cylinder can be obtained as:

(e G55

4 .,
=—uh tan” o
27
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Hence, the given result is proved.

Question 19:
A cylindrical tank of radius 10 m is being filled with wheat at the rate of 314 cubic metre per
hour. Then the depth of the wheat is increasing at the rate of

(A) Ilm/h (B) 0.1lm/h O l.Im/h D) 0.5m/h

Let 7 be the radius of the cylinder.

Then, volume () of the cylinder is given by,
V=nrh
=r(10)" h
=1007h

Differentiating with respect to time (¢) , we have:

ﬂ = ]'[)O;frﬁ
dt dt

The tank is being filled with wheat at the rate of 314m’ / h
Y _314m* 11
dt

Thus, we have:

1007~ 314
dt
dh 314

di 100(3.14)
=1

Hence, the depth of wheat is increasing at the rate of lm/ /.

Thus, the correct option is A.

Question 20:

The slope of the tangent to the curve x =¢>+3t—8, ¥ =2t =2¢-5 at the point (2.-1) s
2 6 7 -5
(A) 7 B) 7 ©) o6 D) 7
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The given curve is x=¢>+3¢r—8 and y=2t" —2t -5

Therefore,

Hence,

dy _ g _ 42
dx dx  2t+3
dt

The given point is (2.-1)

At x=2, we have:
£ 4+3t-8=2
=1 +3t-10=0
=(1-2)(t+5)=0

=f(=2o0rt=-5

At y=-1 we have:
22— -5 ==]

=27 -2t-4=0
=2(f-1-2)=0
=(1-2)(¢+1)=0
=t=2o0rt=-1

The common value is 1 =2

Hence, the slope of the tangent to the given curve at point (2.1) s
dy } 3 4{2) -2
dx ., 2(2)+3
8-2
T4+3

Thus, the correct option is B.
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Question 21:

The line ¥ =mx+1 is a tangent to the curve ¥* =4x if the value of m is

1
(A) 1 (B) 2 (©) 3 (D) 2

The equation of the tangent to the given curve is ¥ =mx+1

Now, substituting ¥ =mx+1 in ¥ =4x we get:
(mx+1)2 =4x
= m’ x> +14+2mx—4x=0
=m’x* +(2m—4)x+1=0 wi1)

Since a tangent touches the curve at one point, the roots of equation (1) must be equal.

Therefore, we have:
Discriminant =0

=% (2?}1—4)2 —4(??12)(1) =0
= 4m” +16—16m—4m° =0
=16-16m=0

=m=1
Hence, the required value of m is 1.

Thus, the correct option is A.

Question 22:

The normal at the point (1.1) on the curve 2y +x* =3 is
(A) x+y=0 (B) x—y=0 (C) x+y+1=0

The equation of the given curve is 2y +x’ =3

Differentiating with respect to x, we have:
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The slope of the normal to the given curve at point (L1) s
=]

ffz]
dx (11)

Hence, the equation of the normal to the given curve at (L1) js given as:

=1

zy—lzl(x—l)
= y-1=x-1
=x—y=0

Thus, the correct option is B.

Question 23:

The normal to the curve X =4y passing (1.2) is

(A) x+ty=3 (B) x—y=3 (C) x+y=1 (D) x—y=1

The equation of the given curve is x’ =4y

Differentiating with respect to x, we have:
2x=4. @
dx

d
i_
dx

i

2

The slope of the normal to the given curve at point (hk) is
-1 2

@} h
dx (4,4}
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Hence, the equation of the normal to the given curve at (h.k) is given as:

y—k:—%(r—h)

Now, it is given that the normal passes through the point (1.2)
Therefore, we have:

2
2—k=-=(1-h
2(1-1)

:k:%t%(l—h) (1)

Since (7:4) lies on the curve ¥* = 4y, we have h’ =4k

From equation (1), we have:

h* 2
—=2+—(1-h
4 +h( )

3

=2 _ons+2_2n
4

Therefore,

Hence, the equation of the normal is given as:

-2
:>y—1=?(x—2)

= y=l==-x+2
= XtR=3

Thus, the correct option is A.
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Question 24:

The points on the curve 9¥° =X’ where the normal to the curve makes equal intercepts with
the axes are

(4,¢§] 4 -8 (4;3] [4;4, -3-)
(A) 3 B) "3 © 8 (D) 8

The equation of the given curve is 9" =

Differentiating with respect to x, we have:

9(2y)d—y=3x2

dx
& _x
dx 6y

The slope of the normal to the given curve at point (x::1) is

-1 6y,

@] X
dx (%11)

The equation of the normal to the curve at (x:31) is

6
2=M :_lzl(x_xi)
%

= x'y-x'y, =—-6xy, +6x,
= 6xy, + xlzy =6x,y, + x[zy[
_, 6w +x,iy i

6x,y, + X"y,

6xy, i xlzy

= o —=1
ox,y, +X°y, O6xy +Xxy
X ¥y
=% + =1
x(6+x) »(6+x)
6 X,

Get More Learning Materials Here : & m @&\ www.studentbro.in


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

It is given that the normal makes equal intercepts with the axes.

Therefore, we have:
% (6+x) _) (6+x,)

6 X,
=
6 x
sai=6y (1)

Also, the point (%1:21) lies on the curve, so we have
Oy =x° ...(2)

From (1) and (2), we have:

:>9y1 =
= o4
Vi 9

8
= :ig

8
Hence, the required points are [ , 3]

Thus, the correct option is A.
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